QUASI-COMPACTNESS OF TRANSFER OPERATORS
FOR CONTACT ANOSOV FLOWS

MASATO TSUJII

ABSTRACT. For any C" contact Anosov flow with » > 3, we construct a
scale of Hilbert spaces, which are embedded in the space of distributions
on the phase space and contain all the C" functions, such that the one-
parameter family of the transfer operators for the flow extend to them
boundedly and that the extensions are quasi-compact. Further we give
explicit bounds on the essential spectral radii of those extensions in
terms of the differentiability r and the hyperbolicity exponents of the
flow.

1. INTRODUCTION

1.1. Main result. Geodesic flows on closed Riemannian manifolds with
negative sectional curvature are a typical class of flows that exhibit chaotic
behavior of orbits and have been studied extensively since the works of
Hopf[15] and Anosov|[3] for this reason. Ergodicity and mixingness, which
characterize chaotic dynamical systems qualitatively, are established for
those flows already in early stage of study[15, 3]. However, quantitative
estimates on the rate of mixing were obtained only recently in late 90’s,
while there had been some precise results in the case of constant curvature
by means of representation theory[10, 22, 24]. This is quite in contrast to
the case of Anosov diffeomorphisms for which exponential decay of correla-
tions had been established already in 70’s[8]. The difficulty in the case of
geodesic flows (or hyperbolic flows, more generally) is in brief that there is
no exponential expansion nor contraction in the flow direction. The mecha-
nism behind mixing in hyperbolic flows is different from and in fact subtler
than that in hyperbolic discrete dynamical systems.

In 1998, Chenov[9] made a breakthrough by showing that the rate of
mixing is streched exponential at slowest for 3-dimensional Anosov flows
satisfying the uniform non-integrability condition and, in particular, for all
geodesic flows on closed surfaces with negative variable curvature. Chernov
also conjectured in [9] that the rate should be exponential. Shortly, this
conjecture is proved affirmatively by Dolgopyat[11]. Dolgopyat analyzed
the perturbed transfer operators closely and gave a necessary estimate on
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the Laplace transforms of the correlations. Dolgopyat’s method has been
extended and applied to many situations to get exponential or rapid decay
of correlations. ([2, 6, 12, 13, 14, 21, 25, 26, 27, 28|)

More recently, Liverani[20] established exponential decay of correlations
for C* contact Anosov flows and, in particular, for C* geodesic flows on
closed Riemannian manifolds with negative curvature in arbitrary dimen-
sion. He combined Dolgopyat’s method with his method of using Banach
spaces of distributions developped in his previous paper[7]. A remarkable
feature of the argument in [20] is that it is free from Markov partitions,
which was a convenient artifact used in many works including [9] and [11]
and was an obstacle in making use of smoothness of the flow.

The aim of this paper is to proceed one step further along the line of
study described above. For any C” contact Anosov flow with » > 3, we
construct a scale of Hilbert spaces, which are embedded in the space of
distributions on the phase space and contain all the C" functions, so that the
one-parameter family of the transfer operators for the flow extend naturally
to bounded operators on them and that the extensions are quasi-compact.
Further we give explicit upper bound on the essential spectral radii of the
extensions in terms of differentiability » and hyperbolicity exponents of the
flow. This result yields not only exponential decay of correlations but also
a precise asymptotic estimate on the decay rate. (See Corollary 1.2.) Also
our argument is free from Markov partitions.

To state the main result more precisely, we introduce some definitions.
Let d > 1 and r > 3 be integers. Let M be an orientable (2d+1)-dimensional
closed C" manifold and « a C" contact form on M. By definition, « is a
1-form such that w := aA(da)? is a volume form on M. Let F': M — M be
a C" Anosov flow preserving the contact form «. Such a flow is called a C"
contact Anosov flow. Geodesic flows on closed Riemannian manifolds with
negative sectional curvature are types of contact Anosov flows, regarded as
flows on the unit cotangent bundles equipped with the canonical contact
forms.

Let v be the vector field that generates the flow F!. By the definition
of Anosov flow, there exists an invariant splitting of the tangent bundle,
TM = E°@ E*®E", such that E€ is the one-dimensional subbundle spanned
by the vector field v and that there exist Ao > 0 and C > 0 such that™)

IDF|p:|| < C-27%" and | DF'|p«| < C-27%" Vt>0,Vz € M.

Since the flow F* preserves the contact form «, the subspaces E* and E“
should be contained in the null space of «. This implies that the subspace
E*® @ E" coincides with the null space of @ and hence that a(v) # 0 at any
point. In what follows, we suppose a(v) = 1 by replacing o by a/a(v).
Since the 2-form da is preserved by the flow F* and gives a symplectic form
on the null space of «, we see that dim E* = dim E* = d and also that E°

(DFor convenience in the later argument, we consider the exponential function with
base 2 in many places below, though it is of course not essential.
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coincide with the null space of da at each point. Notice that the vector field
v is characterized by the conditions a(v) = 1 and v € nullda. It is called
the Reeb vector field of a.

Let Ag > 0 be anther constant for the flow F* such that, for some C' > 1,

|det(DF | gu)| < C-27%8 vt >0,Vze M.

Obviously we may take Ag so that Ag > d)\g. For the flow F?, we associate
the one-parameter family of transfer operators £t : C" (M) — C" (M) defined
by £!(u)(2) = uo F'(z). For a real number s with |s| < r, let W*(M) be the
Sobolev space® of order s on M. Our main result is the following spectral
property of L.

Theorem 1.1. For each 0 < < (r — 1)/2, there exists a Hilbert space
BP, which is contained in W*(M) for s < —3 and contains W*(M) for
s > [3, such that the transfer operator Lt for sufficiently large t extends to
a bounded operator on BP and the essential spectral radius of the extension
L' : BP — BP is bounded by max{2~20t/2 2Bt} <1,

Since contact Anosov flows are mixing (or even Bernoulli[19]) with respect
to the contact volume w, Theorem 1.1 implies not only exponential decay
of correlations but also the following asymptotic estimate on correlations.
(See [30] for the detail of the deduction.)

Corollary 1.2. For any 0 < o < min{Ag, (r —1)X\o}/2, there exists finitely
many complex numbers n; with —a < R(n;) < 0 and integers k; > 0 for
1 < i < ¢ such that, for any ¥ and ¢ in C"(M), we have the asymptotic
estimate for the correlation

ki
=33 Cylp.) - 72 + 027
§=0

¢
i=1
as t — oo, where Cyj(p, 1) are constants depending on 1 and ¢ bilinearly.

Also we can deduce from Theorem 1.1 the central limit theorem and the
(generalized) local limit theorem for observables in C"(M) by a general
abstract argument. (See [18].)

1.2. Plan of the proof. In the following sections, we proceed to the proof
of the main theorem as follows. Section 2, 3 and 4 are devoted to prelim-
inary argument. In Section 2, we set up a finite system of local charts on
M adapted to the contact structure o and the hyperbolic structure of the
flow. In Section 3, we then reduce the main theorem to the corresponding
claim (Theorem 3.2) about transfer operators on the local charts. This re-
duction indicates in particular that our argument is irrelevant to the global

(2)See Remark 3.1 for the definition. For s > 0, W*(M) contains C*(M), and W~*(M)
is contained in the space of distributions of order s.
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structure of the flow. In Section 4, we give a local geometric property of the
diffeomorphisms between the local charts induced by the time-t-maps of the
flow. This property is simple but crucial for our argument.

In Section 5 and 6, we define Hilbert spaces Y for real numbers 06 and v,
which consist of distributions on the unit disk ID in the Euclidean space E
of dimension 2d+ 1. The Hilbert spaces B? in the main theorem is made up
from copies of such Hilbert spaces on the local charts by using a partition
of unity on M. In Section 5, we construct a C*° countable partition of
unity {p,},er on the cotangent bundle TjE =D x E*. Then, in Section 6,
we give a method of decomposing a function u on D into countably many
smooth components u,, v € I', by using the pseudodifferential operators
with symbol p,. By definition, each component w., is a " wave packet” which

are localized both in the real and frequency spaces. The Hilbert space %E
will defined as the completions of the space C*°(ID) of C'* functions on the
unit disk D with respect to a norm | - || g, that counts the L? norms of the
components u., with some appropriate weight.

Our basic strategy is that we regard a transfer operator £ acting on %’5
as an infinite matrix of operators L./, each of which concerns the transi-
tion from one component to another induced by £ and deduce the required
properties of £ from relatively simple estimates on each L,./. In Section 7,
we introduce some definitions in order to describe the argument along this
strategy. And we find that each operator £,/ is a tame integral operator
with smooth rapidly decaying kernel. Further we give simple estimates on
the kernel of £/, regarding it as an oscillatory integral.

Section 8-12 are the main body of the proof. In the proof, we divide
the transfer operator £ on the local charts into three parts: the compact,
central and hyperbolic part. The compact part is the part that concerns the
components of functions with low frequencies. In Section 8, we show that
the compact part is in fact a compact operator and therefore negligible in
our argument because the essential spectral radius of an operator does not
change by perturbation by compact operators. The definitions of the central
and hyperbolic part are more involved. Roughly, the central part is the part
that concerns the components of functions which are localized along the
central (or flow) direction in the frequency space, and the hyperbolic part
is the remainder.

In Section 9-11, we deal with the hyperbolic part and estimate its operator
norm. The argument in these sections makes use of hyperbolicity of the flow
in the directions transversal to the flow, and is partially similar to that in
our previous paper [5, 4] on hyperbolic diffecomorphisms. The estimate on
the hyperbolic part leads to the term 2772 in the main theorem.

In Section 12, we deal with the central part, which is responsible for
the difficulty in the case of hyperbolic flow noted in the beginning. The
argument on the central part is in fact the main point of this paper and
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makes use of the non-integrability of the contact form « essentially. The
estimate on the central part leads to the term 2720%/2 in the main theorem.

Remark 1.3. A prototype of the argument on the central part can be found
in the author’s previous paper [30], where a class of expanding semi-flows
are considered as a simplified model of Anosov flows.

2. DARBOUX THEOREM FOR CONTACT STRUCTURE

In this section, we set up a finite system of coordinate charts on M which
is adapted to the contact structure o on M and also to the hyperbolic
structure of the flow F*. Let E be an Euclidean space of dimension 2d + 1,
equipped with an orthonormal coordinate

x = (zo,z],...,x 27, ..., x).
Let E* be the dual space of E, equipped with the dual coordinate
f: (5076?7'"agivgf""vfg)v

so that evaluation of £ € E* at x € F is given by
<f7x>:§Oaj0+§i"x'{++§;x2‘+§1_3;1_+_|_§d_$;

For brevity, we write z = (zg,z",27) and & = (£,£T,£7) for x and € as
above, setting z* = (xli, . ,ﬂ:di) and £+ = (gli, . ,5;[) respectively. Let
E=Ey®QE, ®FE_and £* = Ej® £} @ E* be the corresponding orthogonal
decomposition. For o € {0,+,—}, let 7, : E — E, and 7} : E* — E* be
the orthogonal projections. Also weset 7 _ =n &7n_ : F — E, ® E_
and define mo 4, mo,—, ™} _, T 4 and m; _ analogously.
The standard contact form on the Fuclidean space E is the 1-form
ag=dro+ax -det —azt - dax”
where 7 - dat = Z?Zl z; -dr) and 2T - dzT = Zf-l:l zl - dr; . We will

(2

refer vg = 0/0x( as the standard vector field on E, which is nothing but the
Reeb vector field of agy. A local chart k : U — V &€ E on an open subset
U C M is called a Darboux chart if x*(ag) = a on U. Darboux theorem
for contact structure[l, pp.168] tells that there exists a system of Darboux
charts on M.

Let C, and C_ be the closed cones on E defined by

Cy = {(zo,2",27) € E| [la7|| < [Ja™]/10}
and
C_ = {(xo,2",27) € E| ||lz™[| < [J™||/10}.

Definition 2.1. For A > 1 and A > 1, let H(A, A) be the set of C" diffeo-
morphisms G : V! — V := G(V’) on FE satisfying the conditions

(HO) V' and V are open subsets in the unit disk D C E,

(H1) G*(ag) = ap on V', and Gy (vg) = vg on V,
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(H2) DG.(E\C;) Cc C_ and (DG,) "} (E\C_) C C, for any z € V’,
(H3) ||7+ - (DG.(v))|| > 2*|7s—(v)| for any 2 € V' and v € E'\ Cy,
|74 —((DG2)"Y(v))|| > 2|74 —(v)]| for any 2 € V' and v € E\ C_,
(H4) det(DG.|y) > 2" for any (d + 1)-dim subspaces Y ¢ C_, and
det((DG,)"tys) > 2% for any (d + 1)-dim subspaces Y’ C C,,
where det(Aly) is the expansion factor of the linear map A : ¥ — A(Y)

with respect to the standard volumes on Y and A(Y). Let H be the union
of H(A,A) for all A > 0 and A > 0.

The following is a slight modification of the Darboux theorem.
Proposition 2.2. There exists a finite system of Darboux charts on M,
Ka:Uqg— Vo i=ke(Uy) CDCE  foracA,
and a constant co > 0 such that, if t is sufficiently large and if
V(a,b;t) = ka(Us N EHU,) # 0 for some a,b € A,
the induced diffeomorphism on the charts,
Flo=kyoFlor, ' : Via,bit) — FLY(Via,bit)) C Vi,
belongs to the class H(\ot — co, Aot — co) defined above.

Proof. By compactness of M, it is enough to show, for each z € M, that
there exists a Darboux chart k : U — V on a neighborhood U of z so that
k(z) =0, Dk,(E*(z)) = E4 and Dk,(E"(z)) = E_. By Darboux theorem,
there exists a Darboux chart ' : U’ — V'’ on a neighborhood U’ of z so
that x'(z) = 0. For E! := Dkl (E®(z)) and E’ := Dk (E"(z)), we have
E' @ B! = Dr/(null(ap(0))) = E+ @ E_. Since do is preserved by the
flow F', we see da|ps = dajg« = 0 and therefore doz0|E/+ = dog|g = 0.
So we can find a linear map L : £y @ F_ — E, & E_ which preserves the
symplectic form dag(0)|g, ¢r_ and staisfies L(E',) = E4 and L(E_) = E_.
Define L' : E — E by L'(zg,2",27) = (w0, L(z",27)). Then it is easy
to check that L’ preserves the contact form oy and that the composition
k= L' o k' is a chart with the required properties. O

Henceforth we fix a finite system of Darboux charts k, : U, — Vg, a € A,
with the property in Proposition 2.2.

3. TRANSFER OPERATORS ON LOCAL CHARTS

In this section, we reduce Theorem 1.1 to the corresponding claim about
transfer operators on the local charts. To state the claim, we prepare some
definitions. For an open subset V' C E, let C"(V') be the set of C" functions
whose supports are contained in V', and let €7 (V') be the subset of g € C"(V)
such that the differential (vg)¥g = 0Fg/0zf for arbitrarily large k exists
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and belongs to the class C" (V). We henceforth fix a large positive integer
Ty > 20(r + 1) and set
.= "g/0xl|| Lo f ¢ (V).
loll. = max [109/0a1= for g € %" (V)

For a C" diffeomorphism G : V! — V in ‘H and a function g € €"(V’), we
consider the transfer operator £(G,g) : C"(V) — C"(V’) defined by

g(x) - u(G(x)), forxeV';
0, otherwise.

L(G, g)u(z) = {

The Sobolev space W#(D) on the unit disk D C E is the completion of
the space C*°(ID) with respect to the norm |ju|ws = ||(1+|€]?)*/2-Fu(€)]| 12,
where F : L?(E) — L?(E*) is the Fourier transform.

Remark 3.1. The Sobolev space W#(M) for |s| < r on M is defined from
copies of W#(ID) on the local charts by an obvious manner using a partition
of unity. Clearly we have C"(M) C C*(M) C W¥(M) for 0 < s <.

We will construct Hilbert spaces B for 6 > 0 and v > 2d + 2, which
satisfy W*(D) C B C W=5(D) for s > (8 and prove the following claims:

Theorem 3.2. There exist positive constants A, and A, so that the operator
L(G,g) for any G : V' — V in H(A,Ay) and g € € (V') extends to a
bounded operator L(G,g) : B — %’E, for any 0 < B < (r —1)/2 and
v,v! > 208+ 2d + 2. Further, for any e > 0 and 0 < 8 < (r — 1)/2, there
exist constants v, > 23 +2d + 2, C, > 0 and a family of norms || - || on
935* for A > 0, which are all equivalent to the standard norm on %’i, such
that, if G : V! — V belongs to H(A\,A) for A > A\, and A > A, with A > d\
and if g € €"(V'), there exists a compact operator K(G,g) : %5* — %’5
such that the operator norm of L(G,g) — K(G,g) : %’5* — %’5* with respect
to the norm || - ||V is bounded by C.||g||,2~(1—¢) min{A/2,0A}

We show that Theorem 1.1 follows from Theorem 3.2. Take C" functions
Pa: Vo —[0,1] and p, : V, — [0, 1] for a € A so that the family {p, 0 k4 }aca
is a C" partition of unity on M and that p, = 1 on supp p, and supp p, € V.
We may and do suppose that p, and p, belong to the class €"(V,), applying
an appropriate C*° mollifier along the coordinate xg simultaneously(3).

For a,b € A, we define the transfer operator £, : C"(V;) — C"(V,) by

ap(@) - u(Ffy()), if x € V(a, bt);
0, otherwise

ﬁfwu(l’) = {

() This is possible because the coordinate transformations k4 0 K} ! preserve the vector
field vo.
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where g%, () = po(x) - pp(FLy(z)) belongs to € (V,). Then we consider the
matrix of operators

L': @aeACT(Va) - @aeACr(Va)7 Lt((“’a)aEA) = (Z ﬁZb(ub)) .
beA acA

Let ¢ : C"(M) — @4c4C" (V,) be the injection defined by

(u) = (pa - (uo ’f;l))aeA
By the definition, we have the commutative diagram
®CLEACT(VG) T @aGACT(Va)

[ [

M) —— (M)

Let BY be the completion of C" (M) with respect to the pull-back of the
product norm on EBQGA%{? D PacaC"(V,) by the injection ¢, so that the
injection ¢ extends to the isometric embedding ¢ : Bg — Dae A%E and that
W*(M) C BS ¢ W—5(M) for s > 8.

Let cg be the constant in Proposition 2.2, and A\, and A, those in the
former statement of Theorem 3.2. Take ty > 0 so large that \otg — co > A
and Agtg — cg > A.. Applying the former statement of Theorem 3.2 to each
L', we see that the commutative diagram above extends to

@aeAﬁg —Lt—) @aeA%g

[ [
B —— Bf
Lt v
for any t > tg, provided that 0 < 8 < (r —1)/2 and v,v' > 23 + 2d + 2.
Suppose that € > 0 and 0 < 8 < (r —1)/2 are given arbitrarily and let v,
C, and | - [|™ be those in the latter statement of Theorem 3.2. Recall that
the essential spectral radius of an operator on a Banach space coincides with
the infimum of the spectral radii of its purturbations by compact operators.
(See [23].) Hence, applying the latter statement of Theorem 3.2 to each L!

ab’
we see that the essential spectral radius of L’ : EBQEA%’E* — @aem%’i is
bounded by

. . t . 7(176)l'nin{(Aotfco)/Q,ﬂ()\otch)}
.ot (s ool ) -2

)

and so is that of £! : B,i — Bl@* from the commutative diagram above. Note
that the term max,pea |9, |« is bounded by a constant independent of ¢,
because F!, preserves the standard vector field vg. From the multiplicative
property of essential spectral radius, the essential spectral radius of L' :



QUASI-COMPACTNESS OF TRANSFER OPERATORS 9

BS — BZ is bounded by 2-(1—9min{Aet/2,830t}  Fix some v > 28 + 2d + 2
arbitrarily and decompose £ : Bﬁ — Bﬁ for t > 3ty as
£t72t0

Lto Lto

B} -~ B, BJ, Bl
Letting ¢ — oo and using the basic properties of essential spectral radius
mentioned above, we see that the essential spectral radius of £ : Bl[j — BE
is bounded by that of £¢ : BY — B and hence by 2~(1—¢)min{Aot/2,8xt}
Since € > 0 is arbitrary, we obtain the main theorem, setting B® = BY.

4. A LOCAL GEOMETRIC PROPERTY OF THE DIFFEOMORPHISMS IN H

In this section, we give a local geometric property of the diffeomorphisms
in H. Let G : V! — V = G(V’) be a C" diffeomorphism satisfying the
conditions (HO) and (H1) in the definition of H(\, A). Take a small disk
D C V' and set D' = my _(D). Since G preserves the standard vector
field vg, there exist a C" function Gy : D’ — R and a C" diffeomorphism

Gy D' =Gy (D) CR¥, Gi (s%,07) = (Gy(a*,a7), G (a™,a7)),
such that

G(zo,z,27) = (o + Go(zT,27),Go(z,27),G_(z",27)) on D.
Lemma 4.1. I[fG(0) = 0 € D in addition, we have DGy(0) = D?G(0) = 0.
Proof. Comparing the coefficients of dz™ and dz~ in G*(ap) = g, we get

0Gy Elen oG- _

gat = O e PO e T
and

0Gy 9G.+ oG

dr— G- Ox~ + Gy -  © -

This implies 0Go/dz™(0) = dGy/dxz~(0) = 0. Differentiating the both sides
with respect to 7 and z~ and using the assumption G(0) = 0, we also

obtain 92Go/dz+0xT(0) = 92°Go/dx+0x~(0) = 9*°Gy/0x~dx—(0) =0. O
For y = (yo,y",y™) € E, the affine bijection @, : E — E defined by
(1) Py(zo, 2" 27) = (yo+axo—(y -a")+(y"-27), y" +a", y +a7)

moves the origin 0 to y, preserving the contact form «g and the vector
field vp. So the assumption G(0) = 0 in Lemma 4.1 is not essential.

Corollary 4.2. For any diffeomorphism G : V! — V in'H and any compact
subset K of V', there exists a constant C > 0 such that, if y,y' € K and if
¢ € E* is written in the form § = & - ag(G(y)) + &+, — with § = m5(§) and
§+,— € B © EX, we have

IDG (&) = DGOl < C - (Il - Iy = yll* + &+~ - 1" = wl])-

Proof. Changing coordinates by the affine bijections @, and ®g(,), we may
suppose y = G(y) = 0. Then the claim follows from Lemm 4.1. O
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5. PARTITIONS OF UNITY

In this section, we construct a partition of unity {p, }yer on the cotangent
bundle Ty E = D x E* over the unit disk D C E. This will be used in the

definition of the Hilbert spaces %’5 in the next section.

5.1. Partitions of unity on E. Take a C* function x : R — [0, 1] so that

1, ifs<4/3;
x(s) = {0, if s > 5/3,

and define a C* function p : R — [0,1] by p(s) = x(s + 1) — x(s + 2).
Then p is supported on the interval [—2/3,2/3] and the family of functions
{p(- +k); k € Z} is a C* partition of unity on R.

For integers n > 0 and k, we define the C*° function p,, ; : R — [0, 1] by

puak(s) = p(2"%s k).

Similarly, for n > 0 and k = (ko, k; , - - - ,k:d+, ki, k;)€ 7291 we define
the C* function p,x : £ — [0, 1] by

d
o) = p(2"/22q — ko) T T] p(2"/227 — k).
o== =1

Then, for each n > 0, the families of functions {p,(s) | k¥ € Z} and
{pnx(s) | k € Z2¥*1} are C partitions of unity on R and E respectively.
The support of p, x is contained in [27"/2(k — 1),27"/2(k + 1)] and that of
Pnk is contained in the cube

d
2(m10) = (272 (ho=1), 27 k1)) TT T2 =027 2007 +1)

whose center is at the point
2(n,k) =272k = 272 (ko KL kSR, Ky

5.2. Partitions of unity on E*. We next introduce a few partitions of
unity on the dual space E*. For n > 0, we consider the C'**° functions

2™ — x(2 L if n > 1;
R (01] xn<s>:{x< ) = x(@7sl), i 21

x(ls), ifn=0.
and
n— n n s if > 1;
n R —[0,1], Yn(s) = Xn—1(8) + xn(8) + Xn+1(8) 1 n
XO(S) + Xl(S)7 ifn=0.

The family of functions y, for n > 0 is a C'™° partition of unity on R and
we have Y, = 1 on supp X, for each n > 0.
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For n > 0 and k € Z, we consider the C'*° functions
Xn,k * E* — [07 1]7 Xn,k(g) = pn,k(ﬁO) : Xn(&)) where 50 = 71-8(5)7

and

Xnk  E* —[0,1], Xnk(€) = pni—1(80) + pn.k(€0) + pnk+1(0)-
Then the family of functions {x, 1 | n > 0,k € Z} is a C*° partition of unity
on E and we have X, = 1 on supp xn for each n and k.

Remark 5.1. We will ignore the functions x, . that vanish everywhere. Thus,
for given n > 0, we consider the functions x;, ; only for finitely many k’s.

Let S* be the unit sphere in £} @& E*. We henceforth fix € functions
Yo+ S* —[0,1] and ¢, : S* — [0, 1] for o € {+, —} such that
(i) ¢o =1 on a neighborhood S* N C%(4/10) for o = +,

(i) ¢ (6) + () = 1 forall € € 5,
(iii) s =1 on C%(6/10) and supp ¢, C C%(7/10) N .S* for 0 = +.

For an integer m, let v, : EY & E* — [0,1] and 1Zm :EY @ EX — [0,1] be
C® functions defined respectively by
Xm (1) -+ (&/1IEID, — ifm =15
Um (&) = § xo(lI€]D), if m = 0;
Xjm| ([1E]]) - o~ (&/1IEND,  ifm < —1

and

N Xm([IE]]) - o4 (&/1IEN), — if m > 1;
Um(§) = ¢ Xo(l€]): if m = 0;
Xim|(IE]]) - - (&/NEN),  if m < 1.
Then {¢m}mez is a C* partition of unity on the subspace £} ® E* and we
have {/;m =1 on supp ¢m,. Next we define C*° functions ¢, g : E* — [0, 1]
and Jn,k,m : E* —[0,1] for n > 0 and k, m € Z respectively by
Ungem (€) = X (€) - Y (27/2€F, 277267
and
Y (€) = Xno(€) - Y (277267, 27267,
Then the family {¢ m | n > 0,m,k € Z} is a C*° partition of unity on E*
and we have {En,k,m = 1 on supp ¥n k.m-
5.3. Partitions of unity on Ty F = D x E*. Recalling Remark 5.1, we set
N ={(n,k) € Zy ®Z | xnj does not vanish.},
and then let
I'= {(n,k,m,k) eENBLZ@® L2 supp ppx N D # @}.
To refer the components of v = (n, k, m,k) € I, we set
n(y)=mn, k(y)=%k, m(y)=m and k(y)=k.
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And we DUt p, = puryirys Z(7) = Z(n(7), k(7)) and 2(3) = =(n(7). k().
Recall the diffeomorphism ®, : E — E defined for y € E by (1). For each

~v € I', we consider the linear map
O, = (DD, (;))0)" : To) E* — THE",
which satisfies @, (ao(2(7))) = a0(0) and @4|pzgp- = id. We then define
the C*° functions v, : E* — [0, 1] and 1’/;7 : E* — [0, 1] by
Uy = Uiy k(r)miz) © By and Uy = Uny) kiy)m(s) © Do
Finally we define the family of C* functions p, : T*E — [0,1] for v € T by
Py(,8) = py(x) -y (€) for (z,§) € T"E = E x E™.

This family is a C°° partition of unity on TgF =D x E*. In fact, for given
(n,k) € N and k € Z>¥*! we have

Z Py (2,8) = pnx() - xn k(&) for (z,§) € T*E

yin(y)=n;k(v)=k:k(v)=k

and hence
va(x,f) =1 for (z,§) e TpE=Dx E".
yel

5.4. Boundedness of the family v, and 1;7 up to scaling. For integers
n >0 and m, let J, ,, : E* — E* be the linear map defined by
Tnm (0, €,67) = (2269, 27/*HImlgt gn/2Himle),
For v €T, let A, : E* — E* be the translation defined by
Ay(6) = €+ k(7) - 2202 ag(2()).
Since z(7) for v € I' are bounded, it is not difficult to see

Lemma 5.2. 9y 0 Ay 0 Jy(y)m(y) and {/;7 o Ay o Jy)m(y) for v € T are
all supported in a bounded subset in E and their C*° norms are uniformly
bounded for every s > 0.

For n € Zy, m € Z and u > 0, we define the function b, ,,, : E — Ry by
(2) b () = [ det T ml - (Jn,m ()",
where (and henceforth) we set

(y) = (L + [yl
For brevity, we set b = b/ ().m(y) for v € . Then the last lemma implies

Corollary 5.3. For each yi > 0, there exists a constant Cy > 0 such that
[F~Yep (2)] < Cy-bh(z) and [F~ 1o, (z)| < Ci-b5(x) for allz € E and v € T.
6. THE HILBERT SPACES 2.

In this section, we define the Hilbert spaces 935 in Theorem 3.2.
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6.1. Decomposition of functions using pseudodifferential operators.
For a C*° function p : T*E — R on the cotangent bundle T*FE = E x E* with
compact support, the adjoint of the pseudodifferential operator p,(x, D)
with symbol p, is the operator p(z, D)* : L?>(E) — L*(E) given by

p(er, DY*u(x) = (2r) 24D / 65 (. €)uly)dyde.

For a C° function v : E* — R with compact support, we consider the
operator (D) : L?(E) — L?*(E) defined similarly by

B(Dyu(x) = (2m)~D / 6w (€ yu(y) dydé
1y - Fu)(x) = (F 1¢)*U( ).

Remark 6.1. Each of the notations p(x, D)* and (D) above should be read
as a single symbol and the letter x and D have no meaning as variable. We
refer [16, 29] for the definition of pseudodifferential operator.

For v € L?*(D) and vy € T, we set

Uy = py(x, D) u =1y (D)(py - u) = (F_1¢7) * (py - u).
Then we have u = 3. . uy in L*(D), because {p- }er is a partition of unity
on TpE. Note that each u, is localized near supp p, by Corollary 5.3 and
its Fourier transform is supported in supp ¢ by definition.

6.2. The definition of the Hilbert space #”. For 3 > 0 and v > 2d+2,
we set

lullg, = | D227 DNdy - us |72 | for ue CF(D),
vel’
where d : E — R is the function defined by

&) = @02 — ) = (1420 =) 2)"”

This is a norm on C*°(D) associated to a unique inner product (-,-)g,.
Further we have

Lemma 6.2. For 0 < 0 < s and v > 2d + 2, there exists a constant C > 0
such that (1/C)||ullw-s < ||ullgy < Cllullws for all u € C*°(D).

We give the proof of this lemma in the appendix at the end of this paper,
one because it requires some estimates that will be given in the following
sections. Now we define the Hilbert space %’E as follows

Definition 6.3. For 0 < § < (r—1)/2 and v > 2d+2, the Hilbert space B
is the completion of the space C°°(ID) with respect to the norm || - ||,
equipped with the extension of the inner product (-,-)g,.

Then the first claim of Theorem 3.2 follows immediately from Lemma 6.2.
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7. THE AUXILIARY OPERATOR M(G,g)

In this section, we introduce the operator M(G, g) : BS — Bf/ between
Hilbert spaces. This is an extension of the operator £(G, g) in the sense that
there exists an isometric embedding ¢ : %5 — Bg and that the following
diagram commutes:

M(G,g) B

v

E

7

3)

8 — 8

L(G.g)

7.1. The definition of the operator M. For § > 0 and v > 2d + 2, we
consider the Hilbert space Bf C (L2(E))" defined by

Bz[j = QU= (Uy)yer | Vy(D)uy =uy, Z 22ﬁm(7)Hd»Vy : U“/”%2 <0

yel’

~er 225m(7)\\d,”y - tuy||75. Then the
injection ¢ : ) — Bp, v(u) = (py(x, D)*u), cp, is an isometric embedding.

Suppose that v = L(G, g)u for u € L*(D) and set u, = p,(z, D)*u and
vy = py(z, D)*v for v € I'. Then we have

(4) Uy = Z Loyt

and equipped with the norm ||ul|g, = )

yel
where the operator L, = L./(G,g) : L>(E) — L*(E) is defined by
(5) Loyrw = py (2, D)*(L(G, 9) (5 (D)w)).

Remark 7.1. Since QZAY(D)UAY = u, in the setting above, the operation JV(D)
in (5) is not necessary for (4) to hold. But this operation makes difference
when we regard £,/ as an operator on L*(E).

We define the operator M(G, g) : BY — Bf/ formally by

(6) M(G, 9)((ty)er) = | D Loy (uy)

vyel ~er

Then, by (4), the diagram (3) commutes in the formal level at least. In the
following sections, we will prove

Theorem 7.2. There exist constants A\ > 0 and A, > 0 such that, for
G:V' =V inH(\, Ay) and g € €"(V'), the formal definition of M(G, g)
gives a bounded operator M(G, g) : Bl — Bf, for 0 < g < (r—1)/2 and
v,V > 203+ 2d + 2, and makes the diagram (3) commutes.
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Further, for anye >0 and 0 < § < (r—1)/2, there exist v, > 20+2d+2,
C, > 0 and a family of norms ||| on Bf* for A > 0, which are equivalent
to the norm defined from the inner product on Bg*, such that, if G : V' — V
belongs to H(A, A) for X > A\ and A > A, with A > dX\ and if g € €"(V'),
there exists a compact operator K(G,g) : Bg* — Bg* such that the operator
norm of M(G,g) — K(G,g) : Bl — BL. with respect to the norm | - | is
bounded by C, - ||g||s - 2~ —€) min{A/2,6A}

Since the operator ¢ in (3) is an isometric embedding, Theorem 3.2 follows
from Theorem 7.2 immediately.

7.2. The operator L... The operator L. : L*(E) — L?(E) defined in
the last subsection can be regarded as an integral operator

Loz’ = //iwf(x',x)u(x)dx
with the kernel
by (2, 3) = /F‘lw(fﬂ’ —y) - py(y) - 9(y) - F 04 (G(y) — )dy

(1) = (am) 200D [ G () (€, () dEdndy,
It follows from Corollary 5.3 that

Lemma 7.3. For each u > 0, there exists a constant Cy > 0 such that

e (a)] < € gl | el ) B(GL) iy
,y/

for (z,2') e EXE, v,¥ €T and for G:V' -V inH and g € €" (V).

This uniform estimate is quite useful. But we can and need to improve this
estimate in some cases. In the case where DG, (supp ¢,) for y € supp p,/ are
apart from supp ¢/, it is natural to expect that the operator norm of £ is
small. To justify this idea, we use the fact that the term #(&2'~v)+i{n.G(y)—z)
in (7) oscillates fast in such case and therefore the integration with respect
to the variable y in (7) can be regarded as an oscillatory integral.

Let us recall a technique in estimating oscillatory integrals. (See [17, §7.7]
for more details.) Consider an integral of the form

(8) / h(z)e @ dx

where h(z) is a continuous function supported on a compact subset in E
and f(x) a real-valued continuous function defined on a neighborhood of
the support of h. Take a few vectors vy,vo,...,v; in F and regard them
as constant vector fields on E. Assume that the functions f and h are so
smooth that v; f, v;v; f and v;h for 1 <14, j < k exist and are continuous on
a neighborhood of the support of h and also that

vi(f)2+va(f)> 4+ +ue(f)> #0 on the support of h.
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Then we can apply integration by part to obtain

/h(:c)eif(x)dx = /Lh(:ﬁ)eif(x)dx

k .
B v
=Y <<f>> |
j=1 Zj:l v;(f)?
This formula tells that if the term e*/(®) oscillate fast in the directions
spanned by the vectors vi,vg, - ,vg, the term Lh(x) is small and so is
the oscillatory integral (8).

Assuming more smoothness of the functions f and h, we may repeat the
operation above and obtain the formula

(9) /h(z)eif(x)dx = /th(a:)eif(‘”)d:v.

Basically we get better estimate if we exploit this formula for larger £. This
is the point where differentiablity of the flow get into our argument.

Below we give a simple estimate on the kernel k.., applying the formula
(9). Though this estimate is still not enough for our argument, it is a good
starting point. For integers n, k,n’, k' such that (n, k), (n', k") € N, we set

A(n,k,n' k') = logg (2_”// 2. d(Supp Xn.k, SUPp Xn’,k’))

where

where logj t = max{0,log, t}. Also we put

ﬁ(n k,n' k) = 0, if [n —nf| <1;
T A(n,k,n' k), otherwise.

Since g (SUpp Xn.k) C 74 (SUpp Xnk) C [—2772,27%2]) we have that

(10) A(n,k,n' k') < A(n,k,n', k') <max{n,n'} —n'/2+2

in general. If |n — n/| > 2 and max{n,n'} > 10, we have also that

(11) A(n,k,n' k') = A(n, k,n’ k') > max{n,n'} —n'/2 - 3.

Hence it holds, in general, that

(12) In —n'| <2A(n, k,n', k') + 10.

Remark 7.4. For each (n,k) € N, the cardinality of (n’, k") € N such that
A(n,k,n' k') = 0 (resp. A(n/,k',n,k) = 0) is bounded by an absolute

constant.

Looking into the definition of A(n, k,n’, k") more closely, we see that, for
each s > 1, there exists a constant C, > 0 such that

(13) Z 9= sAmkn k) L for any (n, k) € N
(n',k")eN
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and that

(14) Z 9~ sAMEN ) O for any (0, k) € N.
(n,k)eN

For (7,7') € I, we write A(y,7') and A(v,7') respectively for
A(n(y), k():n(), k() and  A(n(y), k();n(y), k().
Lemma 7.5. For each p > 0, there exists a constant Cy > 0 such that
(@', < €220 gl [ bl = ) B(G) — )iy

Z(")

for any (v,v') € T x T and any (z,2") € E x E. The constant Cy does not
depend on G : V' =V inH nor g € €" (V).

Proof. We suppose A(v,7') > 0, as the conclusion follows from Lemma 7.3
otherwise. Apply the formula (9) to the integral with respect to y in (7),
setting £ =r,, k =1 and ~{1)]~}»";?:1 = {vp}. Then we reach the expression

(15)  hoyy(as2) = / ( / 6“”’”’”'_y>_i<§’G(y)_”C>R(y,f,n)dnd£> dy

where

i vy (0 (Y)9(y)) - by (§) - Yy (m)
(27T)2(2d+1)(ﬂ.6k(§ _ n))r* ’

For any multi-indices «a, 3 € Zidﬂ, there exists a constant C,3 > 0, which
is independent of G : V! — V in H and g € €7 (V'), such that

(16) R(y,&,n) =

10208 Rl e < Cap- lg]ls - 2~ 20 laln()/2lal m()]-18in(r)/2- {8l m(x')

)

where we set |a| = ag 4+ Y,_. 3%, af and lalt = |a] — ag for a =
(g, - ,ag, aq ,---ay ) and similarly for 5. These imply that the inte-
gral with respect to & and 7 in the bracket (-) in (15) is bounded by
e Ay,
C.- 2720 g, - b (2" — y) - B4(G(y) — )

in absolute value. Also the integral vanishes when y ¢ supp p» C Z (/). O

8. PRELIMINARIES FOR THE PROOF OF THEOREM 7.2

In this section, we give preliminary discussion to the proof of Theorem 7.2.
For brevity, we henceforth write M and L respectively for M(G,g) and
L(G, g), though we keep in mind dependence of M and £ (and many other
objects) on G and g.
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8.1. The compact, central and hyperbolic part of M. In the proof of
Theorem 7.2, we divide the operator M into five parts and consider each
parts separately. To this end, we divide the product set I' x I' into five
disjoint subsets R(j) for 0 < j < 4 and define the corresponding parts

M; BY — Bf, of M formally by

(17) My(u)er) = | S0 Lop(uy)
7:(r7)ER() ~/er
The definition of the part My is simple. Let K > 0 be a large constant,
which will be determined in the course of the proof, and set

R(0) = {(7,7") € T x I' | max{n(y), |m(y)],n(y), Im(y)[} < K}.
The corresponding part My defined by (17) for j = 0 is called the compact
part of M(G, g). This is because we have

Proposition 8.1. The formal definition of the operator My gives a compact
operator Mgy : BS — Bf, for any v,V > 2d + 2.

Proof. For vy € T, let L*(E; d:) be the Hilbert space of functions u € L?(E)
such that ||d} - u,[[z2 < oo, equipped with the obvious norm. Then

(18) Ly LBy d)) — L*(E;d))

is a compact operator, because its kernel (7) is smooth and decay rapidly
as we saw in Lemma 7.3. Since R(0) contains only finitely many elements,
the statement follows immediately. [l

The part My will turn out to be the compact operator K(G, g) in the
latter statement of Theorem 7.2.

The definition of the part M;j is not involved. Let 0 < 6 < 1/10 be a
constant that we will fix soon below. For given A > 0, we set
R(1) =R(1; )
={(7.7) € T x T\ R(0) | max{|m(v)|, [m(7)[} < oA, In(y) —n()| < 1}.
The corresponding part M is called the central part of M. The remaining
part is called hyperbolic part and will be divided into three parts.

8.2. Setting of constants. In the proof, we set up the constants as follows.
We henceforth suppose that 0 < § < (r —1)/2 and € > 0 in the statement
of Theorem 7.2 are given. Then we first choose 0 < 6 < 1/10 so small that

(264 5d+2)d < e.
Next we choose vy, Ay and A, in the conclusion of Theorem 7.2 so large that
ve > 6(8/6+d+1)

and that
Ao > 40, 20710 >1022d+ 1, A, > d\,.
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Note that the conditions above are technical and the readers should not care
about them too much at this stage. We present them only to emphasize that
the choices are explicit.

Once we set up the constants J, v,, Ay and A, as above, we take A\ > A,
and A > A, such that A > d)\ and then take an arbitrary diffeomorphism
G:V' =V in H(\ A) and an arbitrary function ¢g in " (V’). This is the
setting in which most of the argument in the following sections is developed.

The readers should be aware that the choice of the constant K > 0 in the
definition of R(0) is not mentioned above. We will choose the constant K
in the course of the proof and the choice will depend on the diffeomorphism
G and the function g besides A and A. This does not cause any problem
because Proposition 8.1 holds regardless of the choice of K. In the proof, we
understand that the constant K is taken so large that the argument holds
true and will not mention the choice of K too often.

In the proof, it is important to distinguish the class of constants that are
independent of the diffeomorphism G : V! — V in H(\, A) and the function
g: V' — Rin €7 (V') and also of the choice of A and A. To this end, we
use a generic symbol C, for such class of constants. On the contrary, we use
the generic symbol C(G, g) (resp. C(G)) for constants that may depend on
G and g (resp. on G) and also on A and A. Notice that the real value of
constants denoted by C,, C(G, g) and C(G) may change places to places in
the argument.

8.3. Norms on BJ. In the proof, we consider the following family of norms
on BY for A > 0, rather than the original norm || - |3, in the definition:

1/2
A v
ufl§) = (ZwW(m(v))Q : ||d7-u7|12> for u = (ts)yer,
Yy

where
2B(m+2X) " if ;> G\
w™N(m) =<1, if |m| < 0\,
28(m=2X) " if ;m < —§\.
This family of norms are all equivalent to the original norm || - || 3, because
(19) 9B(m=2X) < w()‘)(m) < 9B8(m+2X)
The family of norms || - H(ﬁ/\,)/ will turn out to be the norms || - | in the

latter statement of Theorem 7.2.

9. THE HYPERBOLIC PARTS OF THE OPERATOR M (I)

In this section and the following two sections, we consider the hyperbolic
part of the operator M. We divide it into three parts, namely, Mo, M3 and
My, and estimate the operator norms of each part separately. The rough
idea in this division is as follows. From the definition of the operator L./,
we naturally expect that the operator norm of £, should be small if either
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(A) G(z(v")) is apart from z(v), or

(B) DG (supp 1;7) for y € supp p,/ are apart from supp 1.
Roughly, M3 and My consist of the components L.+ for pairs (y,7) in the
cases (A) and (B) respectively. And we will in fact prove that the operator
norms of Mz and M, are small in Section 10 and 11. The remaining
components L., are assigned to the part Ms, which gives raise to the
factor 277 in the claim of Theorem 7.2.

9.1. The operator M. We first define the operator Ms as follows.

Definition 9.1. Let R(2) be the set of pairs (v,7") € T x '\ (R(0) UR(1))
such that n = n(y), k = k(v), m = m(y), n’ = n(y), ¥ = k(7) and
m’ = m(v') satisfy either of the following conditions:

(a) m' <m — XA+ 10A(n, k,n/, k') + 20, or

(b) |n —n'| <1 and either m’ < —6A < m or m' < J\ < m.
Let M3 be the part defined formally by (17) for j = 2.

Proposition 9.2. The formal definition of the operator Mo in fact gives a
bounded operator My : B — ij, for any v,v" > 2d + 2. Further, for any
v,V > 2d+ 2, there is a constant Cy > 0 such that we have

A _ A
M) S, < Co-llglle - 27 Ju)l§),  forue B,
for G: V' =V in H(\,A) and g € €7(V') provided X\ > A\ and A > A,.

Proof. For a combination (n,k,m,n’,k',m’) € (N @ Z)?, we set

N (!
- 't w™NY (m
(0)  Kugatgoe =27 S0RE) g L),
w® (m)
We need the following sublemma of combinatorial nature, whose proof is
postponed for a while.

Sublemma 9.3. There exists a constant Cy, > 0 such that

(21) sup Y. Knkmwwa | <Cilgls 277
(n/7k/7m’)EN@Z n,k,m:n’,k’,m/

and

(22) sup Z Kn,k,m,n’,k’,m’ < C*HgH* ’ 2_5))\

(n,k,m)GN@Z n k' m'mkm

where 3 1 i km (€SP D ks ) denotes the sum over (n', k', m/)
(resp. (n,k,m)) in N & Z such that (n,k,m,n' k', m') satisfies

(23) masc{n, [m], ', |} > K,
and either of the conditions (a) or (b) in the definition of R(2).
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For (n,k,m) € N & Z, we set

1/2
(24) vngm(®) = | Y & (@) uy (@)
y:n,k,m
where >, denotes the sum over v € I' such that n(y) = n, k(y) =k
and m(7y) = m. Then we have, by Schwarz inequality, that
1/2
25) > lw@<| D &M@ | cvnkm(@) < Crvppm(@).

y:n,k,m yn,k,m

From Lemma 7.5 with u = v/ 4 2d + 2, we have the following estimate on
the kernel s, of the operator L.

(4% () iy (2, )] < C 27720 g /Z ( )bif’”(x'—y).bg(a(y)—x)dy.
,Y/

Hence, by Young inequality, we obtain

wM (m)

’
Z dl,;/[,,wlu,y S C* Kn,k,m,n’,k’7m/ 7{0()\) (m/) Hb#qm * Un,k,m|G’(Z('y’)) HL2

’y:n,k:,m L2

for ' € T such that n(y') = n/, k(y/) = k¥’ and m(y’) = m/. Since the
intersection multiplicity of Z(v') for 4/ € T" such that n(y') =n’, k(v) = ¥
and m(v") = m/ is bounded by some constant depending only on d, it follows

2 2

A
Sl > &L, <G

(N

w m
( ) ||Un,k,m||2[2-
vl K m! || yin,k,m 12

Kn,k,m,n/,k’,m’ w()\) (m/)

By definition, the square of ||M2(u)||g‘), for u = (u,)qer € B} equals

1%
2

/
g E wN (m')? E E A5y Loty
n'k'm’  ~":n/ k' m’ n,k,m:n/ k' m’ vy:n,km L2

Using Schwarz inequality, the inequality above and also (21) and (22), we
see that this is bounded by

2
Cullglls - 277 - w (m/)? v/
Z Z Z Z Aoy Loyt
n',k'\m’ nkmn’ k' m’ B esmont et mt vk m! || yimsk,m L2
<> Y Clale 2 Kk w0 m) - ol

n,k;m n' k' m’:nkm
_ — A
< C*HQHE -2 262 Z wo\)(m)2 ! an,k,m||%2 < C*HgHi -2 262 (HuH(ﬁ,;)/)Q
n,k,m

We now complete the proof by proving Sublemma 9.3.
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Proof of Sublemma 9.3. In the argument below, we consider combinations
(n,k,m,n',k',m') € (N x Z)? satisfying (23) and either of the conditions
(a) or (b) in the definition of R(2). And we further restrict our attention to
those combinations in the cases (I) [n —n/| <1 and (II) |n — n/| > 2 in turn
and prove the claims (21) and (22) with the sums replaced by the partial
sums restricted to such cases. This is of course enough for the proof of the
sublemma.

Case (I): If the condition (a) in the definition of R(2) holds in addition,
we have m’ < m — XA +20 < m — 25\ from the choice of § and )., and hence

(26) Kn,k,m,n’,k/,m’ < 2ﬂ(m/_m)_r*A(n7k7n,7k/) HQH*

Otherwise the condition (b) holds and hence we have m’ < m and
(27) Ko ot o < 272 mm=20) = Ao K 1 g

Therefore, considering each of these two subcases separately and using (13)
and (14), we obtain the required inequalities for the partial sums.

Case (II): Notice that the condition (a) in the definition of R(2) holds for
the combinations under consideration in this case. If max{n,n’'} < K/100
and if m and m’ are on the same side of the interval [-d\, JA], we have (26),
which can be written as

Kn7k7m7n/7k/’m/ S Qﬁ(mlimi1OA(n’k7nl7kl))7(r*710ﬂ)A(n7k7n/7kl) HgH %

If max{n,n’'} < K/100 and if m and m' are not on the same side of [=d\, 6],
we have m’ —m < — K /2 because max{|m/|, |m/|} > K from (23) and because

é(n,k,n’,k’) < K/50 from (10). If we have max{n,n'} > K/100, it holds

A(n,k,n', k") > K/200—3 from (11). Considering each of the three subcases
above separately and using (13), (14) and also the general estimate

Koy bt Womt < 2B(m1_m)—T*A(n,k,n/7k1)+4ﬂ)\HgH*

in the latter two subcases, we obtain the required inequalities for the partial
sums, provided that we take sufficiently large constant K. O

9.2. A dichotomy in the remaining case. In this subsection, we prove
a lemma which tells roughly that each pair (v,~’) that belongs to neither of
R(j) for j = 0,1,2 falls into either of the situation (A) or (B) mentioned in
the beginning of this section. First of all, we note that a pair (v,7’) € T x T’
belongs to neither of R(0), R(1) or R(2) if and only if n = n(y), k = k(v),
m=m(y), n' =n(y), ¥ = k(y') and m’ = m(y’) satisfy the conditions

(R1) max{n,n,|m|,|m/|} > K,

(R2) max{|m|,|m/|} > d\if |n —n/| <1,

(R3) m’ > m — A+ 10A(n, k,n', k') + 20, and

(R4) neither m' < =6\ < m nor m’ <\ <m if jn —n'| < 1.
For convenience, we list the following immediate consequences of (R1)-(R4):

(R5) m' > m — X+ 20,

(R6) either m < 0 or m' > 0,
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(R7) if [n —n'| <1, we have max{—m,m'} > 0],
(R8) if [n —n'| > 2, we have
max{—m,m'} > 2max{n,n’} and max{—m,m’} > K/100.

Clearly (R5) follows from (R3), and (R6) follows from (R7) and (R8). (R7)
follows from (R2) and (R4). If max{n,n'} > K /100, (R8) follows from (R3)
and (11). Otherwise we have max{|m/|,|m/|} > K from (R1) and hence
max{—m,m’'} > K/2 from (R5), which implies (RS).

Next we give a few definitions in order to state the next lemma. For a
pair (7,7") € T' x T that belongs to neither of R(j) for j = 0,1, 2, we set

D(v,7") = D(n,m,n',m/) and D(v,7') = D(n,m,n',m’)

where n = n(y), m = m(y), ' = n(y') and m’ = m(y') and®

m' +n'/2, if m>0,m > 0;
D(n,m,n',m') =< —m +n/2+ if m <0, m <O0;
max{—m +n/2+\,m' +n'/2}, ifm<0,m >0,

and
m +n'/2 —n+ A\ ifm >0, m >0;
D(n,m,n’,m')={ —m —n/2, if m <0, m' <0;

max{—m —n/2,m' +n'/2—n+ A}, ifm<0,m >0.

Let I, : E* — E% @ E* be the projection along the line (ag(z)) spanned
by ag(z). Then we have, from the definition of «y, that

(28)  ML(&) =)l = |mG(&)] - ]z — 2’|l for £ € E* and 2,2’ € E.

Lemma 9.4. If d(G(Z(v')),2(7)) < 2D(A)=10 for ¢ pair (7.,7) e xT
that belongs to neither of R(j) for 7 =0,1,2, we have

(29) (L) (5upD ¥y, Ty (DG (supp 7)) = 2707710

for ally € Z(v"). Further, if

(30) max{[m(y)|,[m(7)[} < max{n(v),n(y)}/4

in addition, we have (29) for all y € E such that ||y — z(y")|| < 27/3,

Proof of Lemma 9./4. Take (v,7") € (I' x ') \ U R(j) and set n = n(vy),
kE=k(y), m=m(y), n =n(®), ¥ = k() and m =m(y"). We first prove

Sublemma 9.5. If w € Z(v') satisfies d(G(w ), 2(7)) < oD(n,m.n’,m’)—8

) , we
have that d(I1, () (supp 1), I, (4 (DG, (Suppq/) ) > 2P(mmn’m)=8,

(4)Because of (R6), we do not consider the case (m > 0 and m’ < 0).
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Proof. We prove the claim only in the case m > 0 and m’ > 0, because
the proofs in the other cases are similar. By (28), the Hausdorff distance

between Ilg(,) (supp Jy) and IL, () (supp 1%) is bounded by
gn+2, d(G(w), Z(’y)) < 2n+2+l~)(n,m,n/,m’)78 — 2m’+n’/2+/\76.

Hence the subset Ilg(,)(supp {/;A,) is contained in the disk D%} _(R) in the
subspace £} @ E* with center at the origin and radius

R = 2m/+n//2+)\—5 > 2m+n/2+2 + 2m/+n//2+)\—6

where the inequality is a consequence of the condition (R3) and (12). From

the definition of H(A, A), it implies that the subset II,(DG},(supp¥,)) is
contained in }Dj_,_(Q_)‘R) UC* (1/10). Again by (28), the Hausdorff distance

between 11, (DG}, (supp 1;7)) and IT,, (DG, (supp {/;A,)) is bounded by
22 d(w, 2(+')) < V2d 4 1 -2 /2H3,
Hence 11, (DG, (supp 1)) is contained in D3 _(R') UC*(2/10) where
R =272R+10°V2d + 12" "/3+3,

On the other hand, the subset HZ(V/)(supp ) is contained in the cone
C%.(6/10) and bounded away from D7 _ (2m/+n'/2=1) = Di,—@_/\HR) by
definition. Thus the claim follows if we prove

102 /2d + 1. 2nfn’/2+3 S 27}\R — 2m’+n’/275.

If [n —n/| <1, this follows from (R7) and the choice of A.. Othewise this
follows from (R8), provided that K is sufficiently large. O

Now we prove Lemma 9.4 by using the sublemma above. Let us first
consider the case where (30) holds. Note that we have max{n,n'} > K
from (R1) and |n’ — n| <1 from (R8). Corollary 4.2 tells that

DG*(f — DG*,, ((g <C(G,g 2(5/12) max{n,n’'} < 2D(n,m,n’,m’)—10
y 2(7')

for & € supp 1;7 and y € E such that d(y, z(7')) < 27™/3. Clearly the claim
of the lemma follows from this and the sublemma.

Next we consider the case where (30) does not hold. By virtue of the
sublemma, it is enough to show

(31) diam G(Z(y')) < 2Pmmn’m')=10,

If [n—n/| <1, we have max{—m,m’} > K/5 from (R1) and (R5), and hence
(31) follows provided that we take large K according to G. Otherwise (31)
follows from (RS). O
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10. THE HYPERBOLIC PARTS OF THE OPERATOR M (II)
Let R(3) be the set of pairs (7,7') € I' x I' \ U?_,R(i) such that
(32) d(G(Z(1)), 2(7)) > 2PO710,
We consider the part M3 defined formally by (17) for j = 3 and prove

Proposition 10.1. The formal definition of the operator M3 in fact gives
a bounded operator Mg : B — Bf, for any v,V > 28 + 2d + 2. Further
there is a constant C, > 0 such that we have

A — A
IMs()[|5), < Cullgllze -2 Jul§) for ue B,

for G: V' =V in H(\,A) and g € €" (V') provided X > A\, and A > A..

Proof. 'The structure of the proof is similar to that of Proposition 9.2,
though we consider combinations (n, k,m,n’, k’,m’) in (N @ Z)? that satisfy
the conditions (R1)-(R4). For this time, we set

w® (m’)

_ 2—(u—2d—2)~(ﬁ(n,m,n’,m’)+n/2)—7‘*A(n,k,n’,k’) . . )

Kn,k’,m,n’,k’,m’

And we use the following sublemma of combinatorial nature in the place of
Sublemma 9.3, whose proof is postponed for a while.

Sublemma 10.2. There exists a constant C, > 0 such that

Sup Z Kn7k»m»n/7k/7m/ < C* HgH*)\ ! 2_(V_2/6_2d_2)5A+45A
(n' k' ,m")ENDZ nkmln’ & m’
and
sup S Kugmarsoaw | < Cullgllad - 27 (28242100452
(n,k,;m)ENSGZ k! [ kym

where 3 ki in km (Y€SP- 2 ki 7 my) denotes the sum over (n', k', m/)

(resp. (n,k,m)) in N & Z such that (n,k,m,n' k', m') satisfies (R1)-(R4).
By the definition of R(3), we have, for (v,7') € R(3) and y € Z(v/),

Sgg <<2n(7)/2((;(y) —xz))7 - dv(x)_l) < 9=D(v)=n(v)/2+11

Hence, from Lemma 7.5 for u = max{v,v'} + 4d + 4, we have that
|d:; (@) iy (2, x)d;l/+2d+2 (2)]

< C*HQH* : 27(1/72(172)(D(n’m’”,vm/)JF”/Q)*T*A(n,k,n’,k’)

. /Z( )bit/“_Q({E/ N y) . bg—u+2d+2(G<y) - x)dy
’Y/
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!/

for (v,7') € R(3), where n = n(y), k = k(y), m = m(y), ' = n(?),
k' = k(y') and m’ = m(y’). This estimate and Young inequality yield

2
/
> 2T ALy,
vk m! ey komy! L?
A) 2 2
wM (m
< Cs - | K kyman! k' m ¥ : Z dV_Qd_Qu
> yRymyn', kY, w()\)(m/) ¥ Y )
yn,k,m L
for u = (uy)yer € B, where ZTM km denotes the sum over v € I' such

that n(y) = n, k(y) = k and m(y) = m and that (v,7") € R(3), while
> v km denotes the sum over v € I' such that n(y) = n, k(y) = k and
m(y) = m. Applying Schwarz inequality as in (25), we get

2 2

> ot dnLyu,| <C. i

N (m)
w m 2

[0nkm 72
!k om! ||y, k,mey! 12

Kn,k,m,n’ k' m/ w(}\) (m,)

where vy, ; , is defined by (24). Once we have this estimate, we can proceed
just as in the last part of the proof of Proposition 9.2, using Sublemma 10.2
in the place of Sublemma 9.3, and conclude that

IMs ()5, < Cullglls - A~ 27072872045 4 | for u € BY.

This implies not only that Msj : BY — Bf, is bounded but also the latter
claim of the proposition because — (v, — 20 — 2d — 2)0X + 45X < —fA from
the choice of v,. We finish the proof by proving Sublemma 10.2.

Proof of Sublemma 10.2. In the argument below, we consider combinations
(n,k,m,n',k';m’) in (N x Z)? that satisfy the conditions (R1)-(R4). Re-
calling the definition of D(n,m,n’,m’), we see

D(n,m,n’,m') +n/2 +|n —n'|/2 > max{—m,m'}.
Also we have, by (12), that
2D(n,m,n’,m') +n + 2A(n, k,n', k') + 10 > 2max{—m, m'} > m' —m.
This and (19) imply

Koy koot ko < C*27(1172,872d72)(5(n,m,n’,m’)+n/2)7(r*72[3)A(n,k,n’,k’)+4,8)\'

Below we proceed as in the proof of Sublemma 9.3: We restrict our attention

to the cases (I) |[n’ —n| < 1 and (II) |n’ — n| > 2 in turn, and prove the

claims with the sums replaced by the partial sums restricted to such cases.
Case (I): In this case, the estimates above imply that

(33) Kn,k:,m,n’,k’,m’ < 0*2—(1/—25—2d—2) max{—m,m’}—(r*—26)A(n,k,n’,k’)+4ﬁ)\‘

Therefore, taking (R5) and (R7) and also (13) and (14) into consideration,
we obtain the required estimates for the partial sums.



QUASI-COMPACTNESS OF TRANSFER OPERATORS 27

Case (II): In this case, we have

D(n,m,n',m') +n/2 > max{—m,m'} — max{n,n’'} > max{—m,m’}/2
from (R8). Hence it follows from the estimates above that
(34) Koy kot kot < 0*2—(u—2ﬁ—2d—2) max{—m,m’}/?—(r*—Qﬁ)A(n,k,n’,k’)-‘rZIB)\.

Using this estimate and taking (R5) and (R8) and also (13) and (14) into
consideration, we obtain the required inequalities for the partial sums. [

11. THE HYPERBOLIC PARTS OF THE OPERATOR M (III)

In this section we consider the remainder of the hyperbolic part. We set
R(4) =T x T\ (U}_yR(i)) and let My be the part defined formally by (17)
for j = 4. We prove

Proposition 11.1. The formal definition of the operator My in fact gives
a bounded operator My : Bg — Bf, for v,V > 2d + 2. Further, there exists
a constant Cy, > 0 such that we have

A _ A
IMa@)[§), < C- gl -2 ) S for u e BY

for G: V' =V in H(\,A) and g € €"(V') provided X > A\, and A > A..

In the proof, we need the following estimate on the kernel x..,/ of L.
This is a key lemma in our argument on the hyperbolic part.

Lemma 11.2. For u > 2d + 2 and p/ > 0, there exist a constant Cy > 0,
and another constant C(G, g) that may depend on G and g, such that

|y (2, 2)| < C(n(y), m(y),n(v'), m(v))
. 2—T*-A(’Yv’7’) /bfyl«/(l,/7 y)d,;,2d_2(y)b$(G(y), .Z')dy
for (v,7') € R(4) and x,2' € E, where we set
Clm,m.nf ') =C. g 27 Pt/
+ C(G, g)2~ r=D(DR(nmnm”)—n’/[3)
in the case (30) holds and, otherwise,
(35) Cn,m,n',m') = O(G, g)2~ = DPmnim)=ul/2),
We first prove the proposition using Lemma 11.2.
Proof of Proposition 11.1. The structure of the proof is again similar to
that of Proposition 9.2 though we consider combinations (n, k, m,n’, k', m’)
in (M @ Z)? that satisfy (R1)-(R4), as in the proof of Proposition 10.1. We

fix u > v +2d+2 and p/ > 68/6 + 206 and let C(n,m,n’,m’) be that in
Lemma 11.2 for such px and p/. For this time, we set

. 2—1’*A(n,k,n’,k’) . w(/\) (ml) )

Kn7k7m7n/7klvml = C(n’ m, n,, m,) ’LU(/\) (m)
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We use the following sublemma, whose proof is postponed for a while.

Sublemma 11.3. There exists a constant Cyx > 0 such that

sup Z Kn,k‘,m,n’,k’,m’ < C\- 2*(# *25)5)\+4ﬂ)\”gH*

(n,k,m)ENDZ 'k m/m.km

and

sup S Kupmapw | < CoX- 270220040 )

(n' k' ,m)ENBZ nk,min’ k' m/
where 30 1 i km (TSP D ks o ) demotes the sum over (n', k',m/)
(resp. (n,k,m)) in N @& Z such that (n,k,m,n’',k',m’) satisfies (R1)-(R4).

Similarly to the proof of Proposition 9.2 and 10.1, we can deduce the fol-
lowing estimate from Lemma 11.2, by using Young and Schwarz inequality:
2 2
oY)
/ w m
Z Z f d»l;/ﬁfy'y’u'y < (i Kn,k,m,n’,k’,m’A ||Un,k,m||22

w (m!
’Y’5n'7k/7m/ ’mekym;’yl L2 ( )

for u = (uy)yer € B, where Unkm is defined by (24) and ZL:n,k,m;'y/
denotes the sum over v € I" such that n(vy) = n, k(y) = k and m(y) = m
and that (v,7') € R(4). But, once we have this estimate, we can proceed
just as in the last part of the proof of Proposition 9.2, using Sublemma 11.3
instead of Sublemma 9.3, and conclude that

[ Ma()IF), < Culgll. - -2 ¢ 2PN for u € BY.

Since we have —(u' —23)0A + 48X < —( from the choice of ', this implies
the conclusion of the proposition.
Below we complete the proof by proving Sublemma 11.3 and Lemma 11.2.

Proof of Sublemma 11.5. In the argument below, we consider combinations
(n,k,m,n',k',m’) in (N @ Z)? that satisfy (R1)-(R4). First we restrict our
attention to the case where (30) does not hold. Then max{—m,m’} > K/5
from (R1) and (R5). Also we have

Koy bomnd 1ot < C(G, 9)2—(7"—1—2,8) max{—m,m’}—(rx—(r—1))A(n,k,n’ k")

from (12) and (19). Taking (R5), (13) and (14) into consideration, we can
get the inequalities in Sublemma 11.3 with the sum restricted to this case.

We next restrict our attention to the case where (30) holds. Then we have
max{n,n’} > K from (R1) and |n —n’| <1 from (R8). Since

Cln,m,n’,m') < Cy|gll27 ma{=mm} 4 (G, g)2~ (=D maxd=mm'}n/6)
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we see that K, . m n/ i m is bounded by

24BA—T*'A(H,]€,7’LI,]€,)'
(Cullgll. 20 —20rmax{mmant} 1. (G, g2~ (r=DK/6=(rm1=28) max{—mm'} )

Therefore, taking (R5) and (R7) into consideration, we obtain the required
inequalities with the sum restricted to this case. O

Proof of Lemma 11.2. Recall the vector vg = 0/0z and take unit vectors
V1,09,...,V3q in E so that {vj}?io is an orthonormal basis of E. Apply
the formula (9) of integration by part along the set of vectors {vﬁ?io for
(r—1) times to the integration with respect to the variable y in (15). Then,
noting that (29) holds for all y € supp p./, we can get the inequality in the
lemma with (35) by straightforward estimate parallel to that in the proof of
Lemma 7.5.

Remark 11.4. The result of integration by part above should appear more
complicated than that in the proof of Lemma 7.5. But, since the constant
C(G,g) in (35) may depend on G and g, we can use rough estimates. As
the result, we actually obtain the claim in the lemma with d;,Qd_Q replaced
by the indicator function of Z(v'), which is a bit stronger than required.

We henceforth suppose that (30) hold. Then we have |n(y') — n(y)| <1
from (R8). Also it follows from the definition of D(v,v') and (R5) that

(36)  D(v,7) = Im(Y)|+n(y")/2 = n(y)/2 for (v,7) € R(4).
Since this implies that the diameter of supp1),, is not much larger than
2P(7) | we can construct a € partition of unity

(05—t 1oz
for each pair (v,v") € R(4) so that the following conditions hold:
(P1) supp qbgzy), is contained in the 2P0 )11 peighborhood of supp Py,
or £ > 1, the distance between supp ¥.» and supp , 1s bounde
P2) for £ > 1, the di b s and ¢, is bounded

from below by 2P0)+=13 anq

(P3) the family of functions (b(fw)’ for (v,7) € R(4) and £ > 0 are uniformly
bounded up to scaling in the sense that all the functions

4
By © Ay 0 Ipyyreo s B — [0,1]

are supported in a bounded subset in E and their C*® norms are
uniformly bounded for each s > 0,

where A, and J, ,, are those defined in Subsection 5.4. (We give one way
of the construction in Remark 11.5 at the end of this proof.)
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Using the partitions of unity as above, we decompose the kernel (7) as

_ > l
(@) = (2m) 2D N 0 (! )
{=0

O

o (', %) as the integral

where we define

(37) / eV WTEE o () o (1) g ()i ()62 (€1)0br () dydly dEdiE'diy
with setting

@y e 6m) = (&2 —y) + {0y —y) + (n,G(y) — 2)
and
Py (y) = x (2" y — 2(4)]).

(Note that j,/-p, = pys and also that (27) =D [l Vv e’ = §(y—y).)

We estimate mf{?, (z',x) by applying integration by part to the integral
with respect to the variables y and y’ in (37). To this end, we extend
the formula (9) of integration by part to oscillatory integrals on F x E
trivially. And we regard y and 3/ as the former and latter variable on £ x E

respectively.
In the case ¢ = 0, we apply the formula of integration by part as follows:

(i) first, integrate by part along the single vector (vg, vg) for r. times if
A(7,v") > 0, but do noting otherwise,
(ii) second, integrate by part along the set of vectors {(v;,0)}24, for
(r — 1) times.
Note that, from Lemma 9.4 and (P1), we have

0 * o n_
d(IL () (supp ¢§7)/),Hz(7/)(DGy(supp Py))) > 2P0
for all y € suppp,. Using this and the condition (P3) in the result of

integration by part as above and recalling Remark 11.4, we obtain

‘K(O)/ (2',z)| < C(G,g) - 9=+ A )=(r=1)(D(y,)—n(v')/3)
vy ’ - ’

d
: / / o (o =y WS — y)dy' | B(G(y) — @)dy
Z(')
where (and also below) we set
W22 () = 9 D(DGA)H) <2D(%7/)+f : x>_“_2d_2 for £ > 0.
Y -
In the case £ > 1, we apply the formula of integration by part as follows:

(i) first, integrate by part along the single vector (vg, vg) for r, times if
A(~,v") > 0, but do nothing otherwise,

(ii) second, integrate by part along the set of vectors {(0,v;)}24, for
p' times.
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In the second step (ii), note that the differentiation along the vector (0,v;)
does not create any term related to G or g. Using the condition (P2) and
(P3) in the result of integration by part as above, we see that there exists a
constant C,, which is independent of G, g, A and A, such that

|R(f)l(lﬂ/ 2)| < Cy - |l 9T Ay ) =1 (D(yy) +H=n(v")/2)
Yy AT - *

d
| ( [ Pl = - y)dy'> H(Gly) — )dy.
By (36), there exists a constant C, > 0 such that, for any ¢ > 0,
/Z " o (o — WA — y)dy < Cu - d PR () B (2 — ).
g

Therefore we can conclude the inequality in Lemma 11.2, by putting this
inequality in the estimates on /@g?, (2', x) above and taking sum for £ > 0. O

Remark 11.5. We can construct the partition of unity {¢$7)/}820 with the

properties (i), (ii) and (iii) in the proof above as follows: Let K%)/ be the
2D(r2)+-12_peighborhood of supp . Also we define ¢ : E — R by

o) = ( / x(llfH)df)_l (il

where x is the function taken in Subsection 5.1, so that it is supported on
the disk with radius 5/3 and satisfies [ ¢odn = 1. Then we set

Hﬁi,)/(f) _ 2_(2d+1)(D(%fy’)+£—13)/ b0 (2—(D('y,'y’)+£_13) . H€ _ 77H> dn

K©
¥y

. 0 .. . (£+1) . D) (£-1)

The function H, oy 18 supported on K ! and satisfies H, oy = lon K oy

From (36), the required properties are fulfilled if we set
60 =H2(©) and o) =H(€) - HV(€) for 0> 1.

12. THE CENTRAL PART OF THE OPERATOR M

In this section, we consider the central part M defined in Subsection 8.1.
Our goal is to prove the following proposition.

Proposition 12.1. The formal definition of M1 in fact gives a bounded

operator My : Bﬁ — Bf, for any v,V > 2d + 2. Further, for the case
v=1" =, there exists a constant Cy > 0 such that we have

(38) M@ < Co gl 279N ]S for ue B,

for G € H(A,\) and g € €7 (V'), provided A > Ay, A > A\ and A > dA.

Clearly we can conclude Theorem 7.2 from Proposition 8.1, 9.2, 10.1, 11.1

and Proposition 12.1 above, setting K(G,g) = Mg and || - |V = || - H(ﬂ/\l)/*
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12.1. Reduction of the claim. For integers n,n’ > 0, we set
RO (1) = {(,7) € R(1) | n(7) = n, n(+) = n'}
and let Mgn’nl) :BY - Bf, be the operator defined formally by (17) with

R(j) replaced by R(™")(1). Then M is formally the sum of ./\/lgn’nl) for
(n,n') € Zy x Z4 such that max{n,n'} > K and |n’ —n| < 1. From the
)

definition of the norm [[-[|57, ,

(38) with M replaced by Mgn’"l) and with the constant C, independent of
n and n/'.
Let ag be the contact form defined by

Proposition 12.1 follows if we prove the claim

ap = dxo+x~ -dzt.
It satisfies H{ (o) = o for the diffeomorphism Hy : E — E defined by
Ho(zo, b, 27) = (xo + 27 2 - 2=, 271/ 20%, 271/2;7),

In the proof below, we regard the diffeomorphism G : V! — V in H(A, A) as
the composition of two contact diffeomorphisms

-1
(V' ap) —2— (Hy'(V"),@0) <22 (B, ap).

Also we will introduce a Hilbert space B and regard Mgn’nl) : Bff — Bf, as
the composition of two operators P(™) and Q™.

pn))

B?

Bg Q<n) ﬁ v

which are associated to the diffeomorphisms GoHy and Hy ! respectively. As
we will see in the next subsection, the operator P™) does nothing harmful
and Proposition 12.1 is basically reduced to a claim on the operator Q")
The reason for taking this roundabout way is that we need to ”straighten”
the contact form ag along the subspace Ey @& E+ so that we can use the
formula (9) of integration by part appropriately in the last part of the proof.

We define the transfer operators

P:C"(HyY(V)) — (V) and Q:C"(V) — C"(Hy (V')

by Pu=uo HO_ and Qu=g-(uo G) respectively, where we set § = go Hy
and G = G o Hy. Obviously we have £L = P o Q).

The definition of the Hilbert space B is somewhat similar to that of BB
We consider ¥ = N @ (Z4) as the index set instead of I'. To refer the
components of an element o = (n, k,¢) € X, we set n(o) =n, k(o) = k and
l(o) = L. For each o0 € X, we define the functions ¥, : E* — [0,1] and

U, : E* —[0,1] by
U0 (€) = Xn(o) k(o) (&) * Xe(o) (27272167

and

‘1}0(5) = %n(o),k(o) (6) ) %K(U) (2—n(o)/2—26)\||€—”)
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respectively, where £ = (£,£",€7) and the functions Xk, Xnk, Xn and
Xn are those defined in Section 5. By definition, the family {U,},cx is a
partition of unity on E* and we have ¥, - {IV'U = U, for each ¢ € ¥. Note
that the functions ¥, (£) and ¥, (£) do not depend on the component £+
and hence its inverse Fourier transform is not a function in the usual sense
but the tensor product of the Dirac d-function on E. at the origin and a
rapidly decaying function on Eg® FE_. For u > 2d+2, there exists a constant
Cy > 0 such that

|Wo (D)u(z)| = [F~1 W0 # u(a)| < Cs - [b + [ul ()]
where b} is the finite measure on E defined by
2d(n(o)/2+f(o)+25)\)+n(o)/2

hrn .
(39) by (x) = (M) FH@) 25 gy - (270 g

")

o(x

for x = (z9,z,27). For 0 € X, we set®

o (SN2, if (o) = 0;
o) = {2A5(0>, if (o) > 0.

Then we define the Hilbert space B as the linear space

]§ = {(UU)JGE

Vo c LZ(E)7 \AI}O'(D)UU = Vg, ZG(U)Q“UU“%Q < OO}

equipped with the norm || - [z defined by
1/2
Ivllg = (Z @(U)ZH%I%z) for v = (vs)sex € B.
€Y

Forn > 0,0 € ¥ and v € I', we define the operator P(SCL,) : L2(E) — L*(E)
and QS’? : L*(E) — L*(FE) respectively by

) (p) = | P (@ DY (P(Ea(D)0), if m(3)] < 6 and n(3) = m
7 0, otherwise,

and

.y | Pe(D)Q((D)u)), if [m(y)] < 6X and n(y) = n;
Qo (u)

0, otherwise.

We define the operators P(™ : B— Bf , and Q) : Bg ~ B formally by

P ((vo)oex) = (Z 7752) (UU))
~yel

ceY

(5)The factors (6X)/% and 27" in the definition of @W(o) is not essential at all. But we
put those factors to make the statements simpler.
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and

Q( )( U’W ’YEF Z Q'ya u"/
ver oeY

Clearly we have Mﬁ"’”') = P o Q) in the formal level. Therefore, in

order to prove Proposition 12.1, it is enough to show

Proposition 12.2. The formal definition of the opemtorP ) forn > K in
fact gives a bounded operator P :B — Bﬂ for each v/ > 2d + 2. Further,
for v > 2d + 2, there exists a constant Cy > 0 such that we have

[P (v )Hﬁy,<C*HVH]§ forallveB andn > K,
whenever A > A, and )\ > \,.

Proposition 12.3. The formal definition of the operator Q™ in fact gives
a bounded operator Q) . Bf ~B for each v > 2d+2. Forv > 2d+ 2, the
operator norms of Q™ - B - B forn > K is uniformly bounded. Further,
for the case v = V' = v, there exists a constant Cy, > 0 such that

10 (u u)llg < Cillglls - 2 -(1- E)A/2||ll”(g),\:)/* for all u e B’i and n > K

whenever G : V! — V belongs to H(A,\), g € €"(V"), A > A, A > A\ and
A > d).

In the following subsections, we prove Proposition 12.2 and 12.3. We
henceforth consider a fixed n > K and write P, P,,, Q and Q,, respectively

for P 73( ") , O™ and QE,T(L,) for simplicity, though we keep paying attention
to dependence of them on n. Notice that we will write Cy, C(G) and C(G, g)
only for constants that do not depend on n.

12.2. The operator P. In this subsection, we consider the operator P =
P and prove Proposition 12.2. The structure of the proof is similar to
that of Proposition 9.2. Fix some integers u > v/ +2d+2 and ¢/ > 2A/(0N).
For o0 € ¥ and k € Z such that (n,k) € N, we set

K, = 9—H "(A(n(o),k(a),n,k)+3 +L£(c (1/’[1)( )
if (o) > 0 and n/2 < n(0)/2 + ¢(0), and otherwise we set
Ky j = 271 -A0@OROME) (1 /5(0)).
We use the following sublemma, whose proof is postponed for a while.

Sublemma 12.4. There exists a constant C, > 0 such that

sup Z K S\féi/\ and sup (ZK"’“>— C.

7 \ki(nk)eN (nk)EN

E
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Consider a pair (0,7v) € X x I" such that n(y) = n and |m(y)| < d\. We
regard the operator P, as an integral operator

Pryu(e') = (20) 240 [ 0! a)u(o)d
with the kernel
; ’_ i -1 —x ~
(40) Koy (2 x) = / e/ & =yt Ho W) =2) o (y)ahn (€)W (n)dydEdn.

To apply the formula (9) of integration by part to this kernel, we prepare
two estimates. The first is a simple one that

d (WS((DHO)Z(SUPP {Ivfg)), ﬂ_é (supp w’y)) > QA(H(U)716(0),71(7)716(’7))"!‘”(7)/2

for all y € E when A(n(o),k(c),n(v),k(y)) > 0. This follows immediately
from the definitions. The second is that

d <(DH0_1)Z(SHPP ‘T/a), supp 1%) > on(0)/2+8A+(0)

for all y € E if (o) > 0 and n(vy)/2 < n(o)/2 + ¢(c). We can get this
estimate by an elementary geometric argument using Hj(ag) = ap and the
fact 0\ > 6, > 10.

Recall the vector vg = 0/0x¢ and take unit vectors v;, 1 < j < 2d, so that
{v; ?io is an orthonormal basis of E. First, to the integral with respect to
y in (40), we apply the formula (9) of integration by part along the single
vector v for p/ times if A(n(o),k(o),n(7y),k(y)) > 0. Second, to the result
of the previous step, we apply the formula (9) of integration by part along the
set of vectors {vj}?io for u/ times if (o) > 0 and n(v)/2 < n(o)/2 + £(0).
Then, by the two estimates prepared above, it is not difficult to see that
there exists a constant C, > 0 such that

ko (2", @) < CLop(y) - W(0) /Z( )bﬁ(w’ — y)bG(Ho(y) — x)dy.
v

Using this and Sublemma 12.4, we can proceed as in the proof of Proposition
9.2 and obtain

CROTAEND S

k:(n,k)eN m:im|<éA

2

> Kok - (o) - |bh * vg]
gEY

L2

_ 2
< C, Z W(0)? |voll7e = C*HVH%
gEY

for v = (vg)oex € B. Now we finish the proof by proving Sublemma 12.4.

Proof of Sublemma 12.4. We prove the former inequality. The latter can be
proved similarly. If £(c) = 0, the sum }; , 1cn Kok is bounded by

C.(6N) T2 N~ grmiAl@k@nk) < ¢ (5))72 from (13).
k:(n,k)eN
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If {(o) > 0, the sum >, 1yepn Kok is bounded by
C*2A+€(cr) (Z 2—,u,’-(A(n(a),k(o),n,k)—i—d)\—l—é(a)) + Z 2_u’.A(n(U),k(a),n,k)>
k k

where Y (vesp. »,") denotes the sum over k € Z such that (n,k) € N
and n < n(o)/2+ £(o) (resp. n > n(o)/2 + £(0)). Estimate the first sum
by using (13) and (14), and the second sum by using (11) and the fact that
|n — n(o)| > 2 holds whenever n/2 > n(o)/2 + £(o). Then we see that the
sum 34 wen Kok is bounded by C.287#9% and hence by C.(6)~1/2,
since we have p' - A > 2A > A + X from the choice of /. O

12.3. The operator Q. In the remaining part of this section, we consider
the operator Q = Q™ and prove Proposition 12.3. Consider (y,0) € I' x X
such that n(y) = n and |m(y)| < 6A. We regard the operator Q,, as an
integral operator

Qyou(a’) = (2m) 722D / oo (!, () da
with the kernel
Fiyo (2, 2) = / & =i G W) =) ()W, (€)3by () dydEdn.

We can show the following estimate in the same way as Lemma 7.3 and 7.5.

Lemma 12.5. For u > 2d + 2, there exists a constant Cy > 0 such that

~

ool )] < o gl [ Vata' ) (Gy) ~ )y
for any (v,0) € I' x ¥ and, further, that the left hand side is bounded by
C, - 27 (AMOEO) () k(@) +n(@)/2) ) o /bf;(a;’ — y)bg(é(y) — z)dy

if A(n(v),k(v),n(o), k(o)) > 0.

Remark 12.6. Notice that we have the additional term n(¢)/2 in the second
claim above compared with Lemma 7.5. This is because there is no longer
the term p., which produced the factor 27("/2 for each differentiation.

Let S = S(n) be the set of pairs (7,0) € I' x ¥ such that
n(y) =n, |m@)[ <o, Lo) =0 and A(n(y),k(y),n(0), k(o)) = 0.
We define the operator @ = @(”) : B’f —~ B formally by

Q(u) = Z Qyo(uy) for w= (uy)ser € B,

v:(v,0)€S )
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This is actually the main part of the operator @ and, in fact, we consider
this part in the following two subsections. In the next lemma, we show that
the remainder part @ — Q : Bg — B of Q, defined by

(Q- @)(u) = Z Qo (uy) for u = (uy)qer € Bg,

’Y:("/va)¢s oEY

does not do harm.

Lemma 12.7. The formal definition of(Q—@) above in fact gives a bounded
operator (Q — Q) : B - B for any v > 2d + 2. Further, for v > 2d + 2,
there exists a constant Cy > 0 such that

1(Q — Q)W) < G272 g|lullull)  for u e Bf
if G: V' —V belongs to H(A,N), g€ €"(V'), A> Ay, A > A and A > dX.

Proof. For o € ¥ and k € Z such that (n,k) € N, we set
2Bk K@) | g (o), if A, k,n(0), k(o)) >

_ n,k,n(o), k(o
Ko = 1 ol - (o), if Ln(d i ] /
0, otherwise.

Then, recalling the assumption that n > K, it is not difficult to check that

sup [ Y Kio | <C27Mgll,  sup <2Kk,a>gc*2‘Allgll*-
ag

c€ET ki (n k)N k:(n,k)eN

By Lemma 12.5 and Young inequality, we have

Q-QWIZ <D | Yo > Eio b | D luy

o ||m:m|<X k:(n,k)EN yin,k,m L2

2

for u = (uy)yer € B, where > m.km denotes the sum over v € I' such
that n(y) = n, m(y) = m and k(y) = k. By Schwarz inequality, (25) and
the inequalities above on the sums of K}, ,, we obtain that

Q- Q) (w3

<cor-2 Mgl Y Y Ko Y a2

o m:m|<8X\ k:(n,k)eN y:n,k,m
_ N\ 2
< (N2 272 gl? - ()

From the assumption A > dA, this implies the conclusion of the lemma. [
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12.4. The operator Q. In this subsection and the next, we consider the
operator é @ BB -~ B. Using Lemma 12.5, it IS easy to check that
the formal definition of Q gives a bounded operator Q BB — B and the
operator norm is bounded by C,(d))||g|ls. This and Lemma 12.7 imply the
former statement of Proposition 12.3 on boundedness of Q. To prove the
latter statement, we need more precise estimates.

Lemma 12.8. If (v,0) € S and if u € L*(E) satisfies JW(D)U = u and
ldyull 12 < 00, we have || @y (u)l g2 < CL27 AN g e | dul 2.

Proof. By using Schwarz inequality and Young inequality, we have

102 < Cullglie I 0o+ (@52 0 G| - [F71 05« a2 0 G|,

< CullglF oo 1wl {[[F~ 0o |

— 20 A
it o6
For the last factor, we can see, from (39) and the definition of H(A, A), that

[t « a2 o 6| < coamdrman,

We therefore obtain the estimate in the lemma. O
The next lemma is the core of our argument on the central part.
Lemma 12.9. There exists a constant Cyx > 0 such that
272N g e - Nl 2 - (1A 2
(20727202 [2(7) — 2(y)|[)24+2

for (v,0),(v,0) € S and u,u' € L?(E) satisfying Jv(D)u = u, @Zy/(D)u’ =
W, ||dyullpe: < oo and [|du'|| 2 < oco.

’<Q’YU(U)7 Qﬂ/a(u,)>L2| <Cy-

Recalling the definition of S and Remark 7.4, we see that this implies

Qw4 <@w(0)?- > > > HQyo(uy), Qyoluy)) el
c€XA(0)=0 ~:(v,0)€S v':(y,0)ES

_ A
< Oy (AP - 27 OO g2 () )2

for u = (uy)yer € BY. and hence the operator norm of O : BS, — B is
bounded by C,.20=9A/2 from the choice of §. Therefore the latter claim of
Proposition 12.3 follows from Lemma 12.9 and Lemma 12.7.

We prove Lemma 12.9 in the remaining part of this subsection and in the
next subsection. We consider (v,0), (7/,0) € S and u,u’ € L?(E) satisfying
the conditions in Lemma 12.9 and prove the conclusion of Lemma 12.9 in
each of the following four cases separately:

() [l2(y) = 2(y)|| < 277/2F20%,

(i) [|2(7) — =(7)]] = 2120 with 7 = 1/(5(d +1)),

(iii) meither (i) nor (ii), but |7 (2(7) = 2(v)Il < [l2(v) — 2(3/)1l/10,
(iv) meither (i) nor (ii), but [[7—(z(7) = 2(¥)Il > [2(v) — 2(3/)]|/10.
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In the case (i), Lemma 12.9 is an immediate consequence of Lemma 12.8.
The case (iv) is the most important case and considered in the next subsec-
tion. Below we deal with the other cases.

Proof of Lemma 12.9 in the case (ii) and (iii). Let us consider the case (iii)
first. We first prove

Sublemma 12.10. There exists a constant Cy > 0 such that, for each point
y € E, either of the following two conditions holds: the condition that

Lsupp (v — 2) C,
W e (Gl — o)~ 20 — =)

or the same condition with v and 7' exchanged.

Vze FEgd E_,

Proof. If ||z]| > ||z(v) — 2(7")]|/100, both of the conditions hold with C\ =
100 obviously. Otherwise, since we are considering the case (iii), we can
show the claim of the lemma by a simple geometric argument using the
assumptions that G € H(A, A) and that n > K. O

Let Y be the set of points y € E for which (41) holds. Then, for y € Y,
Qo (u)(y) =F 10, % (§- (uoG))(y) is bounded in absolute value by

CL(2"2]12(+") = 2(n) )~ - gl poe-
/ (F_l\lia(z) . <2"/22>2d+2> A(d2H2 0 Gy — 2) - uo Gy — 2)dz.

Applying the argument in the proof of Lemma 12.8 to the integral above
with slight modification, we obtain that

190 () - 1y (72 < CL27M|g|| 7o (2772 ]12(+') — 2(3) )22 |1y ul 7.

Exchanging v and 4/, we obtain the same estimate for [|Q,(u') - Lp\y [|7..
Since [(Qyo (), Qo (u')) 2] is bounded by

19y0(u) - Lellz2 - Qo (W)r2 + 1Qya (W) - 1yy llr2 - [|Qya (w)ll 2,

we get the conclusion of Lemma 12.9 from these estimates and Lemma 12.8.

We next consider the case (ii). Note that we could show the claim of
Sublemma 12.10 in the case (ii) easily if we allowed the constant Cy > 0 in
it to depend on G. Thus, following the argument above for the case (iii) and
replacing 2d + 2 by 2d + 3 there, we reach the estimate

272N g T - Nl ull 2 - | e
(27/2]|2(7) — 2(y)II)24+2

with C'(G) a constant which depends on the diffeomorphism G. But this
implies the lemma because C(G)/(2"2||z(y) — z(7)||) < C(G)2~™ < 1 in
the case (ii), provided that we take large K depending on G. O

[(Qyo (1), Qyo(u)) 2] < C(G)
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12.5. The main part of the proof of Lemma 12.9. In this subsection,
we prove Lemma 12.9 in the case (iv). This complete the proof of Proposition
12.1 and hence that of the main theorem.

If either z(v) or z(y') is not contained in the image G(V’) of G, we
have d.(y) > C(G,g)2"/? and dy(y) > C(G,g)2"/? for all y € supp g and
hence we can prove the conclusion of Lemma 12.9 easily, taking large K
according to G and g. Therefore we henceforth suppose that z(v) and z(v')
are contained in G(V’) and let y() and y(y') be the unique points in V'
such that G(y(v)) = 2(y) and G(y(v)) = z(v) respectively.

In order to cut off the tail part of (Qs(u), Qo (u)) 2, we define the C™
functions h,h' : E — [0,1] by

[ 20]m— (DG y =y
h( ) - /

[ (2(y) = 2(v"))l
and ' (y) = h(y—y(v) +y(v')), where x is the function defined in the begin-
ning of Section 5. Notice that the supports of A and fAL/ are contained in the
disk with center at y(7) and radius 2-/3*! and that G is well approximated

by its linearization at y(-y) on that disk up to the error term bounded by
C(G)(27/3)? < 27™/2. In particular, we have

—1 a —n/2 -1
a1V o Gly) < C27 2 m_(2(7) = 2D ™! for y € supp (1 h), and
a7t o Gly) < C2 2 m(2(7) = ()7 for y € supp (1 - K.

Let us set v = U, (D)(h - Qu)) and v/ = U, (D)(h' - Q(v')). Then,
applying the same argument as in the proof of Lemma 12.8, we see that
1Qy0(u) = v[l72 = [¥o(D)((1 — h) - Q(u))]|7> is bounded by

) X2 ly =y

2 [ IF )+

gl - lldu (1=h)-d;? 0G| .

From the estimate on d., 1o @ above, the last factor above is bounded by
G2 M9 2 (o) — 2 )2

Hence we obtain

27 AT2N g T - Il ullZs

(2n/2]|2(y) — 2(y) )22

Similarly we obtain the parallel estimate for ||Q,,(u') — v'||2,. Therefore,
by Lemma 12.8 and the choice of v,, we have

2~ A2 g3 || a5 ull 2 | 2 ]| 2
(27/2]|2(7) — 2(y)[1)24+2

1Qy0(u) = vll72 < Ci-

|<QVU(U)’Q’Y'0’(UI)>L2 - <Ua UI>L2| <Cs-

Now it is left to show that
272N g]|F o (|| 2 || 2
(27/27207 | 2(y) — 2(y")||)24+2

(42) (0,0 2] < .
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Set f(y,2,€,¢') = (€, Gly+2)) = (£, G(y)) and
K(z) =F¥, «xFU,(2) = /]F\Ilo(z’) FV, (2 —2')dz'.

Then we can rewrite (v,v’) 72 as

(v,0) 2 = (2m)2(2d+D) /IC (/ S(z,2'; 2) 'u(m)-u'(x’)d:cda:’> dz,

writing S(z,z’; z) for the integral

/ —ite) il ) —if (928 ) ) (fW (ENa(y)a(y + 2)h(y)h (y + 2)dydEde’.

Note that IC(z) is the tensor product of the Dirac d-function on E, at the
origin and a rapidly decaying function on Ey @ E_.

We are going to apply the formula (9) of integration by part to the integral
with respect to the variable y in S(z,2’; z) above. To this end, we set up a
unit vector w € F along which we integrate by part. Recall that we have

d
dog =2 -dx~ NdzT = 2Zd:c; /\dac;r.
i=1

We define w as the unique unit vector such that DG y(w) € Ey® EL, that

(@0 (y(7)), w) = (an(2(7)), DGy (w)) = 0
and that
dao(DGy () (w), 7 (2(7) = 2(7)))
= 27— (2(+) = 2V |ll7+ (DG (w))]-
We write D,, for the directional derivative along w. Then it holds
(43) Duf(y, 2 €) = (€, DGyy=(w)) = (€ DGy(w)).

The next sublemma tells that the term e~/ #:2¢¢") in § (x,2'; ) as a function
of y oscillates very fast in the direction of w.

Sublemma 12.11. Ify+ 2z € supp h’ fory € supph and z € Ex ® E_, and
if £ € supp )y and ' € supp b, we have

[Dwf(y, 2,6 &) 227710 |lm_(2(v') = ()| - |7 (D Gy (w))) .

We postpone the proof of this sublemma for a while. Note that, under
the same assumption as in the sublemma above, we have

(44) DG f(y: 2.6 < C@G)- 2" |2(v) = 2(9)|| for k= 1,2
for some constant C'(G) that depend on G. Also note that we have
(45) | Dbl < C2V3  and || Dyh/||pe < CL2™5.
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Now we apply the formula (9) of integration by part along the single vector
w once to the integration with respect to y in the integral S(z,2’; z). Then
the result should be of the form

/ei<§,r>+i(§',$> if (¥,2,6,€") ?/) (5)1/}7(5) (y)z;m,gj/;f,f/)dydfdg/.

By using Sublemma 12.11, (44) and (45), there exists a constant C, (G, 9)
for multi-indices a and 3, which may depend on G, g and A, such that

Co (G, g) - 27 (lal+IB)n/2
27| z2(y) — z(¥)||

10800 Rll = <

Therefore we have that

|S(x,2';2)] < C(G

2d2 2d+2 ( A /
o [ S G ol Curd ),

"lz(y) = z(¥)

where bf; ,, is the function defined in (2). By Young inequality, we obtain

s ull g2 ||d5 w2

27|z(7) = 2(V)I

This implies (42), since we have (2d 4 2)7 < 1/2 from the choice of 7 and
(271/2“2(7) N Z(V’)H)Qd+2 < 2(2d+2)~'rn < 2((2d+2)-7’—1/2)n . 2nHZ(7) _ 2(7/)“

[(v,0') 2| < C(G,9) -

(Recall that n > K and that we may take large K depending on G and g.)
Finally we complete the proof by proving Sublemma 12.11.

Proof of Sublemma 12.11. Recall that the supports of h and b’ are contained
in the disk with center at y(v) and radius 2=/3*! and that G is well ap-
proximated by its linearization at y() on that disk. From the assumption
that y and y + 2z belong to supp h and supp b’ respectively, we see that

Im—(DGy(2) = 2(4") = 2| < llm—(2(v) = (M)l /4-
From the choice of the vector w, we see that
{a0(G(y + 2)), DGy (w)) = (a0(G(y)), DGy (w))|
= [ao(y + 2), w) = {ao(y), w))| = (9/10)|dao(z, w)|
> [dao(r—(2(7') = 2(7)), DGy (w))]/2
= [lm—(2(+") = 2N ll|7+ (DG (w)) |-
Since n(y) = n(y’) = n and
A(n(v), k(7),n(0), k(o)) = A(n(v), k(y), n(0), k(o)) = 0
from the definition of S, we have
2" < 6] <212, 2P <G| <27 and [g — &yl < 2T

for & = (&) and &) = 7§ (&’). Therefore the lemma follows if we show
(€0~ a0(Gy +2)) =€, DGyr(w)) < [Golllm—(2(7) = 2(YDIIIDGyy (w) /3
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and

(€0 - a0(G(y)) — & DGy(w)) < [&olllm—(2(7) = 2(YDIIDG ) (w)] /3.

But we can prove these by a straightforward estimate. Below we prove the
former inequality and the latter can be proved similarly.
Since we have y + z € supp /', £ € supp ), and |m(v’)| < 02, it holds

70 (DGy2(w))|| < 2| DGy (w)],  and
I (€0 - c0(Gly +2)) = &)
< [€ol - I} (a0 (Gy + 2)) = ao(z(YN)I + 1o — &l - 175 (a0 (z()l
+ 1736 - a0 (2(7))) = 9l
< [&olllm—(Gly + 2) = G(z(Y)|| + 2270 4 2n/2+00F5
< l&olllm—(=(7) — =(v))ll/10
where, in the last inequality, we used the facts that A > d A, > 10 and that
= (2(9) = 2 (/DI = [12(7) — 2()/10 > 27/2+203=4,
Also we have, by rough estimate, that
Im—(DGyiz(w))[| < C(G)II(y+ 2) —y(1)]| < C(G)27™?  and
17 (€0 - a0(Gly + 2)) — &) < C(G)2*/H,
Clearly these imply the required inequality. (]

APPENDIX A. PROOF OF LEMMA 6.2

Let pn(§) = xn([&]) and pn(§) = Xn(|¢]) for n = 0, where x,, and x,, are
those defined in Subsection 5.2. For u € C*°(D), we define u, = p,(x, D)*u
for v € T and u,, = pp(D)u for n > 0. We may and do suppose that the
norm on the Sobolev space W? is defined by

lullws = 22" [un||*.

n>0

Set n(v) = max{n(vy),m(v) + (n(y)/2)} for v € T'. Then there exists a
constant ¢ > 0 such that if |n(y) — n| > ¢, we have

d(supp (1)), supp(py,)) > 2max{ni)}i—c,

We first prove W5(D) C BP for s > B and v > 2d + 2 by showing
|ullgy < Cllul|ws for v e C*°(D). For each n > 0, we have

ool uyli= >

y(y)=n y(y)=n

00 2
d: : Z pv(x7 D)*]an’(D)un

n/=0

L2
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We regard the operator u — dy - py(x, D)*p, (D)u as an integral operator
with the kernel

L (&' —y)+i{n,y—
(e / doy (&) IO o (1)1 () () dy Sl

Fix some p > max{2d + 2, s}. Similarly to Lemma 7.3, we have

ot (2, 2)] < C / PV (! — )b oy — )dy

sy (2, 2") =

<C/ H(a' —y)by, o(y — x)dy.
Further, in the case |[n’ — ()| > ¢, we can show

(o (, 2| < C2 P T}/ /Z o bh(2" — )by, o(y — 2)dy,
Y

applying the formula (9) of integration by part along a set of vectors {v;}? ol 4
that form an orthogonal basis of E for y times to the integral with respect
y in Ky (2, 2"). Therefore we obtain, by using Young inequality, that

> lld5uslfe <Cn® 3 fluwlg:
y:n(y)=n n’:n’—n|<c
fom? Y g2y, 2,
n’:|n’—n|>c
Take the sum on the both sides above with respect to n with weight 2°7.

Then the sum on the left hand side is not smaller than |jul/g, and the sum
on the right hand side is bounded by C||u||w:s.

We next prove %5 C W=5(D) for s > 8 and v > 2d + 2 by showing
|ullw-s < Cllullg,,. We have
2 2
lunllZe = |[pa(D) | Dy <ol > ou
[ (y)—n|<c 12 () -nl<c |12

Since we have

(s )| < Cul22(2(7) = 2(7)) 2 M(dy) | 2 11 (dyr ) oy | 12
for any pair (7,+') € I' x I and since the left hand side above vanishes if the
supports of v, and 1), does not meet, we obtain
2

Yoou| < > ul

[n(v)—nl<c |12 [n(y)—n|<e

Take sum on the both sides above with respect to n with weight 27", Then
the sum on the left hand side is not smaller than C~!||u||g,, and that on the
right hand side is bounded by C||u||yy -5, provided s > 3.
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