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ֶੜ൪߸ɹɹɹ ɹɹɹɹɹɹɹɹ໊ࢯ ɹɹɹɹɹɹɹɹɹɹ

1 ม࣍̍ f : Ĉ → ĈͰ࣍ͷ݅ΛΈͨ͢ͷΛٻΊΑɽ

f(−1) = 1, f(0) = −1, f(1) = ∞.

ͨͩ͠ɺf(x) = (ax+ b)(cx+ d)ͷܗͰ͑Δ͜ͱɽ

[ղ] ͷࣜΛ࣍ wʹ͍ͭͯղ͘ɽʢڭՊॻͷղ๏Λࢀরɽʣ

(w − 1)((−1)−∞)

(w −∞)((−1)− 1)
=

(z − (−1))(0− 1)

(z − 1)(0− (−1))

ͨͩ͠ʢٛߨதʹઆ໌ͨ͠Α͏ʹʣࠨล∞ΛؚΉ߲Λͯ͠

w − 1

(−1)− 1
=

(z − (−1))(0− 1)

(z − 1)(0− (−1))

ͱ͑ߟΔɽ͑

f(z) =
3z + 1

z − 1
ɽ
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ֶੜ൪߸ɹɹɹ ɹɹɹɹɹɹɹɹ໊ࢯ ɹɹɹɹɹɹɹɹɹɹ

1 ม࣍̍ f(z) =
iz + 1

iz − 1
ʹ͍ͭͯҎԼͷू߹ͷ૾ΛٻΊΑɽ

(1) ࣠ڏ

(2) ୯Ґԁ൘ |z| < 1

(3) Λ௨Δઢݪ arg(z) = θɽ

[ղ] ԁԁରԠͱ֯ੑΛ༻͍ͯ͑ߟΔɽʢਤೖྗ͕͍ͨ͠Ίলུ͢Δɽʣ

(1) ࣮࣠ Rͱ∞Λ͋ΘͤͨҰൠԽ͞Εͨԁ͔Β 1Λআ͍ͨͷɽʢ࣠ڏͱ∞Λ͋Θͤͨू߹
ҰൠԽ͞ΕͨԁͰ͋Γɺͦͷ૾ f(−i) = ∞, f(i) = 0, f(∞) = 1Λ௨ΔҰൠԽ͞Εͨԁʹ
ͳΔɽʣ

(2) ɹ࣠ڏͷࠨଆ {Imz < 0}ʹͳΔɽʢ୯Ґԁͷ૾ f(i) = 0, f(−i) = ∞Ͱ࣮࣠ʹަ͢ΔҰൠ
Խ͞ΕͨԁʹͳΔɽΑͬͯͦΕ࣠ڏʹͳΔɽ୯Ґԁ൘ͷ૾ͦͷӈ͔ࠨͷྖҬͰ͋Δ͕ɼ
f(0) = −1ΑΓࠨଆͰ͋Δ͜ͱ͕Θ͔Δɽʣ

(3) ͱͷઢ 0ͱ∞Λ௨Γɼ࣠ڏͱ֯ (π/2)− θͰަΘΔҰൠԽ͞ΕͨԁͷҰ෦Ͱ͋Δ
ͷͰɼ૾−1 = f(0)ͱ 1 = f(∞)Λ௨Γɼ୯Ґԁपͱ−1ʹ͓͍ͯ (π/2)− θͷ֯Λͳ
͢ԁͷҰ෦ʹͳΔɽʢΑΓਖ਼֬ʹ 1ͱ−1Λͱ͢Δ̎ͭͷހͷ͏ͪҰํʹͳΔɽͲͪΒ
ʹͳΔ͔ਤΛॻ͍ͯ͑ߟΕ໌Β͔ͳͣɽʣ
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1 ্ฏ໘ Im z > 0্ͷௐؔ Φ(z)Ͱɼ্࣮࣠Ͱ࣍ͷڥք݅ΛΈͨ͢ͷΛٻΊΑɽ

Φ(x) =





+10, −1 < x < 1ͷ߹;

0, x < −1 ·ͨ x > 1ͷ߹.

·ͨɼ͜ͷͱ͖Φ(z) =Ұఆͱද͞ΕΔۂઢͲͷΑ͏ͳۂઢʹͳΔ͔ʁɹಛʹۂઢ͕ iΛ௨Δ
߹ͷਤΛඳ͚ɽ

[ղ] લճͷٛߨͰड़ͨ͜ͱ͔Β Φ(z) = aArg (z − 1) + bArg (z + 1) + cͷܗʹͳΔɽͦ͜Ͱ
a, bΛ

aπ + bπ + c = 0, aπ + c = +10, c = 0

Λຬͨ͢Α͏ʹબྑ͍ɽղ a = 10/π, b = −10π, c = 0Ͱ͋ͬͯ

Φ(z) = (100/π)(Arg (z − 1)−Arg (z + 1)).

ہ݁
Arg (z − 1)−Arg (z + 1) =Ұఆ

ͱ͍͏ۂઢͰ͋Δ͕ɺࠨล +1, z, −1 Λॱʹ݁ΜͰͰ͖ΔંΕઢͷͳ֯͢ͱͳΓɺԁप֯ͷఆ
ཧ͔ΒٻΊΔۂઢ±1Λ௨ΔԁʢͷҰ෦ʣͰ͋Δ͜ͱ͕Θ͔Δɽ
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ֶੜ൪߸ɹɹɹ ɹɹɹɹɹɹɹɹ໊ࢯ ɹɹɹɹɹɹɹɹɹɹ

1

(1) ม࣍̍

f(z) = (1 + i) · z − 1

z − i

୯Ґԁ |z| < 1ΛͲͷΑ͏ͳਤܗʹҠ͔͢? (ώϯτɿ±1ͱ iͷ૾ΛௐΑɽ)

(2) ୯Ґԁ্ͷௐؔ u(z)Ͱ࣍ͷڥք݅ΛΈͨ͢ͷΛٻΊΑɽ

u(eiθ) =





+100, (0 < θ < π/2);

0, (ͦΕҎ֎).

(3) ্ͰٻΊͨ uͷϙςϯγϟϧઢͱྗઢΛඳ͚ɽ

[ղ] (1) f(1) = 0, f(−1) = 2, f(i) = ∞Ͱ͋Δɽ୯Ґԁप 1, −1, iΛ௨ΔҰൠԽ͞ΕͨԁͰ
͋ΔͷͰɺԁԁରԠ͔Βɺ૾ 0, 2, ∞Λ௨ΔҰൠԽ͞Εͨԁɺ͢ͳΘ࣮ͪ࣠ͱ∞Λ͋Θͤͨू
߹ʹͳΔɽ͞Βʹ f(0) = (1 + i)/i = −i+ 1ΑΓ f ʹΑΔ୯Ґԁ൫ͷ૾Լฏ໘ Im z < 0ʹͳ
Δɽ
(2) (1)ͰٻΊͨ̍࣍ม f ʹΑͬͯɺԼฏ໘্ͷௐؔ ΦͰڥք݅

Φ(x) =





0, x > 0ͷͱ͖,

100, x < 0ͷͱ͖,

ΛΈͨ͢ͷΛ͚ͭݟΔ͜ͱʹؼண͞ΕΔɽͦͷΑ͏ͳ Φ

Φ(z) = −100

π
Arg(z)

ʹͳΔ͜ͱ͕Θ͔ΔɽΑͬͯٻΊΔؔ

u(z) = Φ(f(z)) = −100

π
Arg((1 + i)(z − 1)/(z − i))

ҙ: ͜͜Ͱ

Arg((1 + i)(z − 1)/(z − i)) = Arg(1 + i) + Arg(z − 1)−Arg(z − i)

ͱ͍͚ͯ͠ͳ͍ɽओArgͷෆ࿈ଓੑ͔Β౷߹ҰൠʹΓཱͨͳ͍ɽ
(3)·ͣ ΦͷϙςϯγϟϧઢͱྗઢΛඳ͖ɺͦΕΒͷ̍࣍ม f ʹΑΔ૾ٯΛ͑ߟΕ
ྑ͍ɽʢԁԁରԠΛ͑૾ٯ؆୯ʹٻ·Δɽʣਤলུɽ


